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1 Introduction

The richness of the theory of functions over the complex field makes it natural to look
for a similar theory for the only other non-trivial real associative division algebra,
namely the quaternions. Such a theory exists and is quite far-reaching, yet it seems
to be little known. It was not developed until nearly a century after Hamilton’s discov-
ery of quaternions. Hamilton himself [1] and his principal followers and expositors,
Tait [2] and Joly [3], only developed the theory of functions of a quaternion variable
as far as it could be taken by the general methods of the theory of functions of several
real variables (the basic ideas of which appeared in their modern form for the first time
in Hamilton’s work on quaternions). They did not delimit a special class of regular
functions among quaternion-valued functions of a quaternion variable, analogous to
the regular functions of a complex variable.

This may have been because neither of the two fundamental definitions of a regular
function of a complex variable has interesting consequences when adapted to quater-
nions; one is too restrictive, the other not restrictive enough. The functions of a quater-
nion variable which have quaternionic derivatives, in the obvious sense, are just the
constant and linear functions (and not all of them); the functions which can be repre-
sented by quaternionic power series are just those which can be represented by power
series in four real variables.

In 1935 R Fueter [4] proposed a definition of “regular” for quaternionic functions
by means of an analogue of the Cauchy-Riemann equations. He showed that this defi-
nition led to close analogues of Cauchy’s theorem, Cauchy’s integral formula, and the
Laurent expansion [5]. In the next twelve years Fueter and his collaborators developed
the theory of quaternionic analysis. A complete bibliography of this work is contained
in ref. [6], and a simple account (in English) of the elementary parts of the theory has
been given by Deavours [7].

The theory developed by Fueter and his school is incomplete in some ways, and
many of their theorems are neither so general nor so rigorously proved as present-day
standards of exposition in complex analysis would require. The purpose of this paper
is to give a self-contained account of the main line of quaternionic analysis which
remedies these deficiencies, as well as adding a certain number of new results. By
using the exterior differential calculus we are able to give new and simple proofs of
most of the main theorems and to clarify the relationship between quaternionic analysis
and complex analysis.

Let H denote the algebra of quaternions, and let {1, 4, 7, k} be an orthonormal basis,
with the product on H given by the usual multiplication table (see section 2). The
typical quaternion can be written as

g=1t+iz+jy+ k= (1.1)

where t, x, y, z are real coordinates. Fueter defined a function f : H — H to be regular
if it satisfied the equation
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This is an analogue of the Cauchy-Riemann equations for a complex function f : C —
C, which can be written as
af | .of
- — =0 1.3
oz "oy T (13)
where the variable is z = x + iy.
Fueter showed that any quaternionic function which is regular and also continu-
ously differentiable must satisfy an analogue of Cauchy’s theorem which can be written
as

[ pas=o, (1.4)
C

where C'is any smooth closed 3-manifold in H and Dgq is a certain natural quaternion-
valued 3-form. Dq is defined in section 2; it can be thought of as the quaternion repre-
senting an element 0C' of the 3-manifold, its magnitude being equal to the volume of
4C and its direction being normal to §C'. Fueter also obtained an analogue of Cauchy’s
integral formula for such functions, namely

fa) =5 | =) p o), (1.5)
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where D is a domain in H in which f is regular and ¢ is a point inside D.
The complex Cauchy-Riemann equation (1.3) is equivalent to the statement that f
has a complex derivative, i.e. that there exists a complex number f/(z) such that

df = f'(2) d-. (1.6)

Fueter gave no corresponding characterisation of a regular function of a quaternion
variable, leaving the theorems (1.4) and (1.5) and the analogy with the Cauchy-Riemann
equations as sufficient justification of the definition (1.2). In this paper we will show
that a regular function can be defined as one which has a certain kind of quaternionic
derivative; specifically, (1.2) is equivalent to the existence of a quaternion f’(g) such
that

d(dg A dq f) = Dq f'(q). (1.7)

(the 2-form dq A dq is described in section 2).
Cauchy’s theorem (1.4) and the integral formula (1.5) can be simply proved by
showing that
d(Dgf) =0 (1.8)

d [M] Daf@) = (s ) (1.9)

lg — qo|? lg — qol?

where A is the Laplacian on R* and v = dt A dx A dy A dz is the standard volume
4-form. Since |q — qo| 2 is the Green’s function for the Laplacian in R*, (1.5) follows
from (1.9). This is essentially how Fueter proved these theorems. Since both proofs
use Stokes’s theorem, they need the condition that the partial derivatives of the func-
tion should be continuous. Schuler [8] showed that this condition could be dropped
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by adapting Goursat’s proof of Cauchy’s theorem, but he did not draw the full con-
sequences of this argument. In fact Cauchy’s theorem (1.4) can be proved for any
rectifiable contour C' and any function f which is differentiable at each point inside C
and whose partial derivatives satisfy (1.2). The integral formula (1.5) has a similarly
wide range of validity. From this it follows, as in complex analysis, that if f is regular
in an open set U then it has a power series expansion about each point of U. Thus
pointwise differentiability, together with the four real conditions (1.2) on the sixteen
partial derivatives of f, is sufficient to ensure analyticity.

The homogeneous components in the power series representing a regular function
are themselves regular; thus it is important to study regular homogeneous polynomials,
the basic regular functions from which all regular functions are constructed. The cor-
responding functions of a complex variable are just the powers of the variable, but the
situation with quaternions is more complicated. The set of homogeneous regular func-
tions of degree n forms a quaternionic vector space of dimension 1 (n+ 1)(n + 2); this
is true for any integer n if for negative n it is understood that the functions are defined
and regular everywhere except at 0. The functions with negative degree of homogene-
ity correspond to negative powers of a complex variable, and occur in the quaternionic
Laurent series which exists for any regular function which is regular in an open set
except at one point. Fueter found two natural bases for the set of homogeneous func-
tions, which play dual roles in the calculus of residues. (He actually only proved that
these bases formed spanning sets). In this paper we will study homogeneous regular
functions by means of harmonic analysis on the unit sphere in H, which forms a group
isomorphic to SU(2); this bears the same relation to quaternionic analysis as the theory
of Fourier series does to complex analysis.

Many of the algebraic and geometric properties of complex analytic functions are
not present in quaternionic analysis. Because quaternions do not commute, regular
functions of a quaternion variable cannot be multiplied or composed to give further reg-
ular functions. Because the quaternions are four-dimensional, there is no counterpart
to the geometrical description of complex analytic functions as conformal mappings.
The zeros of a quaternionic regular function are not necessarily isolated, and its range
is not necessarily open; neither of these sets need even be a submanifold of H. There is
a corresponding complexity in the structure of the singularities of a quaternionic regu-
lar function; this was described by Fueter [9], but without giving precise statements or
proofs. This topic is not investigated here.

The organisation of this paper is as follows.

In section 2 the basic algebraic facts about quaternions are surveyed and notation
is established; some special algebraic concepts are introduced, and quaternionic differ-
ential forms are described.

Section 3 is concerned with the definition of a regular function. The remarks in the
second paragraph of this introduction, about possible analogues of complex definitions
of analyticity, are amplified (this material seems to be widely known, but is not easily
accessible in the literature), and the definition (1.7) of regular functions by means of the
quaternionic derivative is shown to be equivalent to Fueter’s definition (1.2) by means
of a Cauchy-Riemann-type equation.

Section 4 is devoted to the analogues of the Cauchy-Goursat theorem and Cauchy’s
integral formula.



Section 5 contains analogues of Liouvilles’s theorem, the maximum-modulus prin-
ciple, and Morera’s theorem. After the work of section 4, only the last of these requires
proof.

In section 6 we show how regular functions can be constructed from functions
of more familiar type, namely harmonic functions of four real variables and analytic
functions of a complex variable.

Section 7 is concerned with the effect on regular functions of conformal transfor-
mation of the variable; these results are needed in the last two sections.

Section 8 is an investigation of homogeneous regular functions by means of har-
monic analysis on S3.

In section 9 we examine the power series representing a regular function and prove
analogues of Laurent’s Theorem and the residue theorem.

2 Preiminaries

2.1 TheAlgebra of Quaternions'

The quaternions H form a four-dimensional algebra over the real field R, with an iden-
tity element denoted by 1. We regard R as being embedded in H by identifying ¢t € R
with t1 € H. Then we can write H = R @ P, where P is an oriented three-dimensional
Euclidean vector space, and the product of two quaternions is defined by

(a(), a) (b(), b) = ((l()b() — a.b, a()b + b()a +a X b) (21)

where ag, by € R, a,b € P, a.b denotes the inner product of a and b, and a x b de-
notes the vector product determined by the orientation on P. (Conversely, the subspace
P, its inner product and its orientation can be defined in terms of the multiplication on
H.)

Thus we can choose a basis {1, 7, j, k} for H so that the multiplication is given by

‘2:'2:1452:71,
el mme (2.2)

The typical quaternion will be denoted by
qg=t+xi+yj+zk (t,x,y,z € R) (2.3)

In performing calculations it is sometimes useful to denote the basic quaternions i, 7,
k by e; (i = 1,2,3) and the coordinates z, y, z by z; (i = 1,2,3), and to use the
summation convention for repeated indices. In this notation eq. (2.3) becomes

q=1t+x;e; (2.4)
and the multiplication rules (2.2) become

eiej = —0ij + €ijrek (2.5)

1Proofs of the assertions in this section can be found in [10, chap. 10].



where ¢, is the usual alternating symbol.

The centre of the algebra H is the real subfield R. If ¢ is any quaternion, the vector
subspace spanned by 1 and ¢ is a subfield of H, which is isomorphic to the complex
numbers C if 1 and ¢ are linearly independent. It is sometimes convenient to distinguish
a particular embedding of C in H; whenever we want to do this, we will take C to be
the subfield spanned by 1 and 7. Then any quaternion can be written as

qg=v+jw (2.6)
with v, w € C; if ¢ is given by (2.3), then
v=t+iz and w=y—iz (2.7)

From an equation of the form vy 4+ jwi = ve + jwsg With vy, v, wy, wo € C, we can
deduce that v; = vo and w; = we. When quaternions are written in this form, the
basic law of multiplication is
vj = jo. (2.8)
The conjugate of the quaternion ¢ is

g=t—ix—jy—kz. (2.9)

Conjugation is an involutive anti-automorphism of H, i.e. it is R-linear, § = ¢, and
0192 = 2 q1- (2.10)

For every embedding of C' in H, quaternion conjugation coincides with complex con-
jugation. ¢ commutes with g, and their product is

qq =t> + 2% +y® + 22 (2.11)
The modulus of ¢ is the non-negative real number

lql = Vaq (2.12)

It follows from (2.11) that every non-zero quaternion has a multiplicative inverse

-1 q
g t=—2. 2.13
e (219
The real part of g is
Reg=t=1(¢+q) €eR (2.14)
and its pure quaternion part (or vector part) is
Pug=zi+yj+zk=1(g—q €P. (2.15)
It follows from (2.1) that
Re(q192) = Re(q2q1) (2.16)
and from (2.9) that
Req = Reg. (2.17)



q is a unit quaternion if |¢| = 1. The set of unit quaternions, constituting the sphere
53, forms a multiplicative Lie group isomorphic to SU(2); we will denote it by S. The
versor of a quaternion ¢ is the unit quaternion

Ung = (2.18)

a4
lq]
Any quaternion has a polar decomposition ¢ = ru where r = |¢| € Randuw = Ungq €
S.

The classical notation for these functions of gisSq = Req, Vg = Pugq, Kq = ¢,
Tq=lg|, Uqg=Ung.

The positive-definite quadratic form (2.11) gives rise to an inner product

(q1,92) = Re(q132)

2.19
= Re(q1q2) by (2.16)and (2.17) ( )
Note that
(aq1, q2) = (q1,aq2) (2.20)
and
(qra,q2) = (q1,920), (2.21)

i.e. the adjoint of left (right) multiplication by « is left (right) multiplication by a, for
any a € H. If u; and us are unit quaternions, the map ¢ — wu1qus is orthogonal with
respect to this inner product and has determinant 1; conversely, any rotation of H is
of the form ¢ — wuqqus for some uy,us € S. This is the well-known double cover
0 — Zo — SU(2) x SU(2) — SO(4) — 0.

This inner product induces an R-linear map I' : H* — H, where H* = Homg (H, R)
is the dual of H, given by

(I'(@), q) = a(q) (2.22)
fora € H*, ¢ € H. Since {1, 4, j, k} is an orthonormal basis for H, we have
Do) = a(l) +ia@i) +ja(f) + ka(k). (2.23)

The set of R-linear maps of H into Itself forms a two-sided vector space over H of
dimension 4, which we will denote by F. It is spanned (over H) by H*, so the map
I can be extended by linearity to a right H-linear map I",. : F; — H and a left-linear
map I’y : Fy — H. They are given by

T, (a) = a(l) +ial) + j a(j) + ka(k) (2.24)

and
Ti(a) =a(l)+a(i)i+a(f)j+alk)k (2.25)
forany a € Fy.

The inner product (2.19) and the maps T, Ty : F; = Homg(H,R) — H have
alternative characterisations in terms of quaternion multiplication and conjugation; in
fact they are obtained by slight modifications of standard procedures from the tensor of
type (1,2) which defines the multiplicationon H. Let L, : HH — Hand R, : H — H
be the operations of multiplication by ¢ on the left and on the right, respectively, and
let K : H — H be the operation of conjugation; then



Theorem 1

(@) {g,p) = =3 Tr(Ly Ry K)
(i) <Fr (a)a Q> = Tr(Ran)
(iii) (T'e(@),q) = Tr(LgaK) forall p,g € Hand o € Fy.

Proof The trace of an R-linearmap oo : H — H is

Tra = Re[a(1)] - Z Re [e;a(e;)] (2.26)

Hence (i)

Tr(L,R,K) = Re

Y eiqeip]
1

But
Q+Zeiq€i =-2q (2.27)

as can easily be verified, so

Tr(L,R,K) = ~2Re(gp) = ~2(q.p). O

(i)
Tr(RzaK) = Re |a(1)§ + Z eioz(ei)q]
‘ o
=Re[l'(a)q] by (224)
= (Ir(a).q
(iii)
Tr(LzaK) = Re |ga(l) + Z eﬂa(ei)]

= Re

qa(l) + Z qa(ez‘)ei] by (2.16)
=Relql'¢(a)] by (2.25)
= <Fl (a)a Q> g

We will also need two other maps I',., T’y : F; — H, defined as follows:

(T)(a),q) = Tr(Rga); (o) =a(l) - Z eia(e;) (2.28)

(Te(a),q) = Te(Lga);  To(e) = (1) = Y alei)e; (2.29)

i



2.2 Quaternionic Differential Forms

When it is necessary to avoid confusion with other senses of differentiability which
we will consider, we will say that a function f : H — H is real-differentiable if it is
differentiable in the usual sense. Its differential at a point ¢ € H is then an R-linear
map df, : H — H. By identifying the tangent space at each point of H with H itself,
we can regard the differential as a quaternion-valued 1-form
of of of of
df = =—dt+ = d —d —dz. 2.30
=G T g1 T gy Wt 5 4 (2:30)
Conversely, any quaternion-valued 1-form 6 = aqdt + a; dx; (ag,a; € H) can be
regarded as the R-linear map 0 : H — H given by

9(t+£261) = (l()t+ai$i (231)

Similarly, a quaternion-valued r-form can be regarded as a mapping from H to the
space of alternating R-multilinear maps from H x ... x H (r times) to H. We define the
exterior product of such forms in the usual way: if 6 is an r-form and ¢ is an s-form,

O N (b(hlv ey hTJrS) = ﬁ Z e(p)a(hp(l)v ey hp(?‘))¢(hp(7‘+1)a ) hp(r-‘rs))a (232)
P

where the sum is over all permutations p of » + s objects, and €(p) is the sign of p.
Then the set of all »-forms is a two-sided quaternionic vector space, and we have

a(0 A ¢) = (ab) A ¢,
(ONd)a=0A(¢da), (2.33)
(Ba) N p =0 N (ag)

for all quaternions a, r-forms 6 and s-forms ¢. The space of quaternionic r-forms has a
basis of real r-forms, consisting of exterior products of the real 1-forms dt, dz, dy, dz;
for such forms left and right multiplication by quaternions coincide. Note that because
the exterior product is defined in terms of quaternion multiplication, which is not com-
mutative, it is not in general true that 6 A ¢ = —¢ A 6 for quaternionic 1-forms ¢ and
.

The exterior derivative of a quaternionic differential form is defined by the usual
recursive formulae, and Stokes’s theorem holds in the usual form for quaternionic in-
tegrals.

The following special differential forms will be much used in the rest of the paper.
The differential of the identity function is

dg=dt+idx+jdy+ kdz; (2.34)

regarded as R-linear transformation of H, dq is the identity mapping. Its exterior prod-
uct with itself is

dgNdqg= %e,-jkeidxj ANdzy =idy Ndz+ jdz Ndx + kdx A dy (2.35)



which, as antisymmetric function on H x H, gives the commutator of its arguments.
For the (essentially unique) constant real 4-form we use the abbreviation

v=dt Ndz A\dy N dz, (2.36)

so that v(1,4, j, k) = 1. Finally, the 3-form Dgq is defined as an alternating R-trilinear
function by
<h1aDQ(h27h37h4)> = U(h17h27h37h4) (237)

for all hy,...,hs € H. Thus Dq(i,j,k) = 1 and Dq(1,e;,e;) = —ejjner. The
coordinate expression for Dq is

Dg=dxNdyNdz— eUkeldt/\dx]/\dxk

2.38
=deANdyNdz—idt ANdyNdz—jdt Ndz Ndx — kdt Adx N dy. ( )

Geometrically, Dq(a, b, ¢) is a quaternion which is perpendicular to a, b and ¢ and has
magnitude equal to the volume of the 3-dimensional parallelepiped whose edges are a,
b and c. It also has the following algebraic expression:

Theorem 2 Dq(a, b, c) = 3(cab — bac)

Proof For any unit quaternion u, the map ¢ — ug is an orthogonal transformation of
H with determinant 1; hence

Dq(ua, ub,uc) = u Dq(a, b, c).

Taking u = |a| ™!, and using the R-trilinearity of Dg, we obtain

Dq(a,b,c) = |a|*a Dq(1,a'b,a" *c). (2.39)
Now since Dq(1, e;, €;) = —eijner = 5 (eje; — e;e;), we have by linearity
Dq(]., hl, hg) = %(thl - h1h2> (240)

forall hq, ho € H. Hence
Dq(a,b,c) = Lla|*a(a " ca™ b —a"tba" ¢)

la
(cab —bac) by (2.13). O

N= N

Two useful formulae were obtained in the course of this proof. The argument lead-
ing to (2.39) can be generalised, using the fact that the map ¢ — uqu is a rotation for
any pair of unit quaternions u, v, to

Dq(ahyb, ahsb, ahsb) = |a|?|b|*a Dq(hy, ho, h3)b; (2.41)
and the formula (2.40) can be written as

1|Dqg = 7% dq A dq, (2.42)

10



where | denotes the usual inner product between differential forms and vector fields
and 1 denotes the constant vector field whose value is 1.

Since the differential of a quaternion-valued function on H is an element of F', the
map .. can be applied to it. The result is

T, (df) = af af +j gf +kgf (2.43)

We introduce the following notation for the differential operator occurring in (2.40),
and for other related differential operators:

Bef = 1T (df) = % (% -i-e,-g:i:) ,

s =48, =5 (5 - el ).

O f = iT4(df) = % (% + gf ) (2.44)
Orf = 5Te(df) = % (g—{ g;: z) :

3h 2055

Note that 9y, 0;, 0, and 9, all commute, and that

A = 40,0, = 40,0, (2.45)

3 Regular Functions

We start by showing that the concept of an analytic function of a quaternion variable as
one which is constructed from the variable by quaternion addition and multiplication
(possibly involving infinite series) is the same as the concept of a real-analytic function
in the four real variables ¢, z, y, z

Definition 1 A quaternionic monomial is a function f : H — H of the form

f(q) = aogaiq...¢r—1qa, (3.1)

for some non-negative integer r (the degree of the monomial) and constant quaternions
AQy oeey g

A quaternionic polynomial is a finite sum of quaternionic monomials.

A homogeneous polynomial function of degree » on H is a function f : HH — H
of the form

(@) = F(g,--q)

where F': H x ... x H (r times) — H is R-multilinear.
A polynomial function on H is a finite sum of homogeneous polynomial functions
of varying degrees.

11



Theorem 3 Every polynomial function on H is a quaternionic polynomial.

Proof Any polynomial function f can be written as
f(q) = fO(t7 z,Y, Z) + Z f’i(t7 r,y, Z)ei

where fy and f; are four real-valued polynomials in the four real variables ¢, x, y, z.
But

t=31(q—iqi — jqj — kqk),
v = 1(q—iqi + jqj + kqk), (52)
y = 1 (q+iqi — jqj + kak), '

)
z= 2(q+iqi+ jqj — kqk)

Putting these expressions for ¢, z, y, z into the polynomials fo, f;, we obtain f(g) as a
sum of expressions in ¢ of the form (3.1), so f is a quaternionic polynomial. a

It is clear that conversely, every quaternionic polynomial is a polynomial function,
S0 we have
Corollary The class of functions which are defined in a neighbourhood of the origin
in H and can be represented there by a quaternionic power series, i.e. a series of
quaternionic monomials, is precisely the same as the class of functions which are real-
analytic in a neighbourhood of the origin.

We now turn to an alternative attempt to parallel complex analysis, in which we
concentrate on the existence of a quaternionic derivative defined as the limit of a differ-
ence quotient. We will show that only quaternionic polynomials of degree 1 (and not
all of them) possess such a derivative.

Definition 2 A function f : H — H is quaternion-differentiable on the left at ¢ if
the limit of
il (W= H{f(g+h) - f(@)}]

h—0
exists.

Theorem 4 Suppose the function f is defined and quaternion-differentiable on the left
throughout a connected open set U. Then on U, f has the form

fla)=a+qb
for some a,b € H.

Proof From the definition it follows that if f is quaternion-differentiable on the left at
q, it is real-differentiable at ¢ and its differential is the linear map of multiplication on
the right by 4

d
() =%

i.e. of
dfq = dq d_q

12



Equating coefficients of dt, dx, dy and dz gives

a _of _ ;o0f _ ;of _ ,of

dqg ot ‘ax oy "oz (3:3)

Putg = v+ jw, wherev = t+izandw =y —iz,and let f(q) = g(v, w) + jh(v, w),
where g and h are complex-valued functions of the two complex variables v and w;
then (3.3) can be separated into the two sets of complex equations

dg __,09 _0h _ 0h

ot 0x Oy 0z

oh _,0h _ 09 _ 09

ot  o0xr 9y 0z
In terms of complex derivatives, these can be written as

99 _9h _oh _ 09 _

o ow v  ow (3-4)
dg  Oh
30 = P’ (3.5)
and oh 5
__ 9
o ow (3:6)

Eq. (3.4) shows that g is a complex-analytic function of v and w, and A is a complex-
analytic function of v and w. Hence by Hartogs’s theorem [11, p. 133] g and h have
continuous partial derivatives of all orders and so from (3.5)

P90 (oh)_ 9 (on)

o2 v \odw) Ow\dv)
Suppose for the moment that U is convex. Then we can deduce that g is linear in @, h
is linear in w and A is linear in ©. Thus

g(v,w) = a+ Bv + vy + Jvw,
h(v,w) = € + (v + nw + vw,

where the Greek letters represent complex constants. Now (3.5) and (3.6) give the
following relations among these constants:

6:773 6:773 d=0=0.

Thus ' . _ _
f=g+jh=a+je+ (v+jw)(B - jv)
= a+qb,
where a = a+jeand b = 38— j~; so f is of the stated form if U is convex. The general

connected open set can be covered by convex sets, any two of which can be connected
by a chain of convex sets which overlap in pairs; comparing the forms of the function

13



f on the overlaps, we see that f(q) = a + ¢b with the same constants «, b throughout
U. m]

Even if f is quaternion-differentiable, it will not in general satisfy Cauchy’s theo-
rem in the form

/dqf =0 (3.7)

where the integral is round a closed curve; in fact the only functions satisfying this
equation for all closed curves are the constant functions. We will prove this for the
infinitesimal form of (3.7), namely

d(dqf) = 0. (3.8)

Theorem 5 If the function f : U — H is real-differentiable in the connected open set
U and satisfies d(dgf) = 0in U, then f is constanton U.

Proof
d(dqf) = dgNdf = (dt + e;dz;) A gdt + ﬁd
ot 0z;
_(9f _ of of . .
= (8:&- at ) dt Ndz; + e;—— 9z, dx; A dx;
Thus or af
ddaf) =0= 5 =y (3.9)
and o o
“or; o (3.10)
From (3.9) we have, for example,
of,_9of
oz’ ~ oy’
while from (3.10),
of . _of,
o) = oy
Hence
of _ _9f; _9f,._ _9f
Oz ay ay T ox
2_0 5L = 0.and therefore 3} = 8—5 = 9L = 0inU. It follows that f is constant in
. O

We will now give a definition of “regular” for a quaternionic function which is
satisfied by a large class of functions and opens the door to a development similar to
the theory of regular functions of a complex variable.
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Definition 3 A function f : H — H is left-regular at ¢ € H if it is real-differentiable
at ¢ and there exists a quaternion f;(g) such that

d(dg A dq f) = =2Dq f}(g). (3.11)
It is right-regular if there exists a quaternion f;(¢) such that
d(f dg N dq) = —2f,(q) Dq.

Clearly, the theory of left-regular functions will be entirely equivalent to the theory
of right-regular functions. For definiteness, we will only consider left-regular func-
tions, which we will call simply regular. We will write f'(¢) = f;(¢) and call it the
derivative of f at q.

Theorem 6 (the Cauchy-Riemann-Fueter equations)
A real-differentiable function f is regular at ¢ if and only if

T,.(df,) = 0. (3.12)
Proof Suppose f is regular at ¢q. Then from (3.11),
dg Ndg Ndfy = —2Dqf'(q)
Evaluating these trilinear functions with ¢, j, k& as arguments gives
(i — Gi) dfy (k) + Gk — k) dfy (i) + (ki — ik) df,(j) = —2/'()
while using 1, ¢, j as arguments gives
(i — ji) dfq(1) = 2k f'(q).

Hence
f(@) = dfe(1) = = {idfy(i) + j dfq(§) + kdfy(k)} (3.13)

Comparing with (2.24), we see that I',.(df,) = 0.

Conversely, if I',.(dfy,) = 0 we can define f'(¢q) = df,(1) and then evaluating as
above shows that dg A dg A df, = 2Dqf'(g), so that f is regular at g. O

Note that (3.12) and (3.13) can be written as

. 9f _0f _Of . Of
and o7
I'a) = - (3.15)

Hence f' = 0pf. If we write ¢ = v + jw, f(q) = g(v,w) + jh(v,w) as in theorem 4,
(3.14) becomes the pair of complex equations
dg _ Oh dg _ Oh

oo ow’ ow v (3.16)
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which show some similarity to the Cauchy-Riemann equations for a function of a com-
plex variable.
From (3.14) and (2.45) it follows that if f is regular and twice differentiable, then

Af =0,

i.e. fis harmonic. We will see in the next section that a regular function is necessarily
infinitely differentiable, so all regular functions are harmonic.

The derivative of a regular function can be characterised as the limit of a difference
quotient which is analogous to that used to define the derivative of a complex-analytic
function.

Definition 4 An oriented k-parallelepiped in H is amap C : I¥ — H, where I* C
R" is the closed unit k-cube, of the form

C(tl, ...,tk) =qo+tiht + ... + tphg.

qo € H is called the original vertex of the parallelepiped, and A, ..., hy € H are
called its edge-vectors. A k-parallelepiped is non-degenerate if its edge-vectors are
linearly independent (over R). A non-degenerate 4-parallelepiped is positively ori-
ented if v(hq, ..., hy) > 0, negatively oriented if v(hq, ..., hs) < 0.

Theorem 7 Suppose that f is regular at ¢q and continuously differentiable in a neigh-
bourhood of go. Then given € > 0, there exists 6 > 0 such that if C is a non-degenerate
oriented 3-parallelepiped with ¢ € C(I?) and ¢ € C(I*) = |q — qo| < §, then

‘(/CDq)_1 (/é)cdq/\dqf) +2f'(q0)

Proof First note that ||y A ha A hs|| = |Dgq(hq, he, hs)| is a norm on the real vector
space H A H AH. Now since dfj, is a continuous function of g at qo, S0 is dg A dg A df g;
hence we can choose § so that
|q — qu <9 :>|dq Adg A dfq(hl, hg, h3) — dq ANdg A dfqo(hl, ha, h3)|
<€|Dq(h1,h2,h3>|, Vhi, he, hs € H.

< €.

Let C be as in the statement of the theorem, with edge-vectors i, ha, hs. Then by
Stokes’s theorem,

1
/ dgNdqf = / d(dq AN dqf) = /// dg N\ dg A\ dfC(t)(hh ha, h3) dtidtadts
oC C 0

Since f is regular at g,
1
2 [ Daf'aw) =2 [ [ [ Daths,ha.ho) 1'(a0) dsdadrs
C 0

1
:—/// dq/\dq/\dfqo(hl,hg,h3)dt1dt2dt3
0

16



Thus

1
< /// |dg A dq A df oy (ha, ha, hs)
0
—dg Ndg N dfqu (hl, ha, h3)| dt,dtodts

J.
C

The corresponding characterisation of the derivative in terms of the values of the
function at a finite number of points is

f'(q)=—lim [Dg(h1,ha,h3)” {(hiha — hah1)(f(q0 + h3) — f(q0))

hi,ha,hs—0

+(hahs — hsha)(f(q0 + h1) — f(q0))

+(hsh1 — hahs)(f(qo + h2) — f(q0))}]

(3.17)

This is valid if it is understood that ki, ha, hs are multiples of three fixed linearly
independent quaternions, h; = t; H;, and the limit is taken as ¢, to, t3 — 0. The limit
(3.17) is similar to that used by Joly [3, art. 54] to define V f for a function satisfying
% = 0, which would be obtained as the Cauchy-Riemann equations if dz A dy A dz
were substituted for Dq in the definition of regularity.

To make explicit the analogy between the definition of regular quaternionic func-
tions and the definition of regular complex functions by means of the Cauchy-Riemann
equations, note that the analogues of the 2-form %dq A dg, the 3-form — Dq and the
equation d(dg A dqf) = —2Dqf’(q) are the 0-form 1, the 1-form dz and the equation
df = dzf'(z). The analogy between theorem 7 and the difference-quotient definition
of regular complex functions can be made explicit by stating the latter as follows: If
f is regular at zg, then given ¢ > 0 there exists § > 0 such that if L is a directed
line segment (i.e. an oriented parallelepiped of codimension 1 in C) with zy € L and
z€ L =|z— 2z <d,then

()" (L) e

4 Cauchy’s Theorem and the I ntegral Formula

/ qudqf+2/qu'(qo)
ocC C

<€|Dq(h1,h2,h3>|:€ . O

< €.

The integral theorems for regular quaternionic functions have as wide a range of valid-
ity as those for regular complex functions, which is considerably wider than that of the
integral theorems for harmonic functions. Cauchy’s theorem holds for any rectifiable
contour of integration; the integral formula, which is similar to Poisson’s formula in
that it gives the values of a function in the interior of a region in terms of its values on
the boundary, holds for a general rectifiable boundary, and thus constitutes an explicit
solution to the general Dirichlet problem.

Our route to the general form of Cauchy’s theorem will be to use Goursat’s method
to prove the theorem for a parallelepiped, and immediately obtain the integral for-
mula for a parallelepiped; then we can deduce that an analytic function is continuously
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differentiable, and use Stokes’s theorem to extend Cauchy’s theorem to differentiable
contours. The extension to rectifiable contours also follows from an appropriate form
of Stokes’s theorem.

The heart of the quaternionic Cauchy’s theorem is the following fact.

Theorem 8 A differentiable function f is regular at ¢ if and only if

Dg A dfy = 0.
Proof
Dq Ndfq(i,j, k1) = Dq(i, j, k)df¢(l) — Dq(j, k, D)dfq (i)
+ Dq(k,1,i)dfq(j) — Dq(l, i, j)df (k)
= dfq(l) + idfq( ) +.7dfq( )+ kdfq(k)
= F7‘(dfq)
which vanishes if and only if f is regular at ¢, by theorem 6. |

Theorem 9 (Cauchy’s theorem for a parallelepiped)
If f is regular at every point of the 4-parallelepiped C,

Dq f=0.
ac

Proof [8] Let gg and h1, ..., h4 be the original vertex and edge-vectors of C. For each
subset S of {1,2,3,4} let Cs be the 4-parallelepiped with edge-vectors 1A, ..., 2hy

and original vertex ¢o + Ztes 5hq; then

JoPur =3 oo

Hence there is a C's—call it C;—such that

Dqf ‘ >
/801 16

Now perform a similar dissection of C;. Continuing in this way, we obtain a se-
quence of 4-parallelepipeds C,,, with original vertices ¢,, such that C,, has edge-
vectors 27 "hq,...,27"hy, C D C1 D Cy D ..., and

Dqf ‘ >
[ paf| 2 g

Clearly there is a point ¢, € NC,,, and ¢,, — ¢oo 8 N — 0.
Since f is real-differentiable at ¢, we can write

qu‘.

/ qu‘ , (4.1)

J(@) = flaoo) + (g — 4oo) + (¢ — go0)7(q)

where o = df, € Fi,and r(q) — 0as ¢ — goo. Then if we define r(¢oo) = 0, r
is a continuous function and so |(g¢)| has a maximum value p,, on 9C,,. Since the C,,
converge on ¢oo, pr, — 08N — 0.
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Now

and

Daalq — g0) = / d(Dga) = 16~ (Dg A @) (ha, .., hs) = 0

0Cn Cn

by theorem 8, since f is regular at go,. Thus

Dqf(q) = /BC Dq(q — qoo)r(q)-

oCy,

Let F : I? — H be one of the 3-parallelepipeds forming the faces of C,,. Then
F C 0C,, and the edge-vectors of F' are three of the four edge-vectors of C,,, say
27 "hg, 27"y, and 27 "h.. For g € F(I3) we have |r(q)| < pn and |q¢ — goo| <
27"(|h1] + ... + |hal); hence

‘/ Dq(q - qoo)T(Q)‘ < 87" [Dq(ha; ho, he)| 277 (|ha] + ... 4 [hal) pn.
F

Let V' be the largest |Dg(hq, hy, he)| for all choices of a, b, ¢; then since the integral
over 9C,, is the sum of 8 integrals over faces F',

qu<q>\ < 816"V ([ha] + .+ [hal) oo
oC,

Combining this with (4.1), we find

‘/ qu‘ < 8V (k1| + ... + |hal)pn.
oC

Since p,, — 0 asn — oo, it follows that [, , Dgf = 0. O

Theorem 10 (the Cauchy-Fueter integral formula for a parallelepiped)
If f is regular at every point of the positively oriented 4-parallelepiped C, and g is a
point in the interior of C,

Flgo) = —— / a=a) 5 i),

272 oc 19— qol?
Proof [7] The argument of theorem 8 shows that
Dq A dfy =~ f (q)v (4.2)

where v = dt A dx A\ dy A dz, for any differentiable function f. A similar calculation
shows that B
dfqy N Dq = 0r f(q)v. (4.3)
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Hence if f and g are both differentiable,
d(gDqf) = d(gDq)f + gd(Dqf)

=dg N Dqf — gDq A df (4.4)
=1{(0:9)f +9(0ef)}v
Take g(q) = (‘llq’_qgg‘; = lf_‘q‘i"H =0, (m) then g is differentiable except at ¢,

and

~ 1
Org=A <72) =0.
|q—QO|

If f is regular we have 9, f = 0, and so
p {(q —q) "
lg — qol?
We can now follow the argument of theorem 9 to show that

/ (qfq()>71qu(q):O
4]

C |q - (Jo|2

qu} = 0.

where C" is any 4-parallelepiped not containing ¢o. By dissecting the given 4-parallelepiped
C' into 81 4-parallelepipeds with edges parallel to those of C, we deduce that

(¢—qo)~ ! / (¢—qo0)~ !
—~——D = —~———D ,
/ac |q - QO|2 qf(q) 8Co |q - qu2 qf(q)
where Cy is any 4-parallelepiped containing go which lies in the interior of C' and has

edges parallel to those of C. Take Cj to have edge-vectors dhq, ..., §hy, Where § is a
positive real number and h, ..., hy are the edge-vectors of C, and suppose ¢y is at the

centre of Cj (so that the original vertex of Cy is ¢o — %6h1 — %6h4); then
. . ’U((Shl,...,(Sh;l)
—anl = =Wé
Jin la -l =, min_ Dq(Loh,, Lohy, Loh,)

where W depends only on h, ..., hy. Since f is continuous at g, we can choose § so
that ¢ € Co(I*) = |f(q) — f(qo)| < € for any given ¢ > 0; hence

(q - QQ)_l 8
L, = it - s < g (45)

where, as in theorem 9,

V = max 4 [Dq(ha, by, he)l.

1<a,b,c<

Since the 3-form % is closed and continuously differentiable in H\{qo},

Stokes’s theorem gives
/ (2—a0)”' Dq :/ (¢—q0)"' Dq
8Co lg — qol? S lg — qol?
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where S is the 3-sphere |¢ — go| = 1, oriented so that Dq is in the direction of the
outward normal to .S. Working in spherical coordinates (r, 6, ¢, v), in which

q—qo =1 (cosf +isin6 cos ¢ + j sin f sin ¢e—’i’¢) ,
we find that on S, i.e. whenr =1,
Dq = (q — qo) sin® @sin ¢df A do A dip
= (¢ — qo)dS
where dS is the usual Euclidean volume element on a 3-sphere. Hence

_ -1p
/ (¢ — q0) - q:/dS:%g
aCy lg — qo S
and so (4.5) becomes

/8 Mqu(Q) —27° f(qo)

Co |q - Q()|2
Since e was arbitrary, it follows that
(¢ —qo)™! (¢ —qo)™! 2
— 5 Daf(g) = 5 Daf(q) =27"f(q). DO
/ac lg — qol? @ oc la—qol? @ ()
Because of the special role played by the function occurring in this integral formula,
we will use a special notation for it:

8V
S mﬁ.

Gl) = 1 (4.6)

Glo) = ~0, <ﬁ> — b, <ﬁ) ; (4.7)

it follows that 9,G = 0, i.e. G is regular except at 0.
As an immediate corollary of the integral formula we have

Note that

Theorem 11 A function which is regular in an open set U is real-analytic in U.

Proof Suppose f is analytic in the open set U, and let ¢ be any point of U. Then we
can find a 4-parallelepiped Cj such that gq lies in the interior of Cy and Cy lies inside
U, and by theorem 10 we have

1
27T2 aCo

flqo) = G(q—q0)Dqf(q).
Let Cy be a 4-parallelepiped such that go € C1(I*) C int Co(I*); then in this integral
the integrand is a continuous function of (¢, go) in Co(01*) x C1(I*) and a C* func-
tion of go in C1 (1*). It follows that the integral defines a C'> function of gq in C (I4).
Thus £ is C> throughout U. Since f is regular in U, so that 9, f = 0, eq. (2.45) gives
Af =0,i.e. fis harmonic. It follows [12, p. 269] that f is real-analytic in U. O
This fact enables us to give the most general formulation of Cauchy’s theorem and
the integral formula for a differentiable contour of integration.
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Theorem 12 (Cauchy’s theorem for a differentiable contour)

Suppose f is regular in an open set U, and let C' be a differentiable 3-chain in U which
is homologous to 0 in the differentiable singular homology of U, i.e. C = 9C’ for
some differentiable 4-chain C’ in U. Then

/Cqu:O.

Proof By theorem 8, d(dqf) = 0. By theorem 11, the 3-form Dqf is infinitely
differentiable in U; hence we can apply Stokes’s theorem to find

tLI”f:[;}Mf:[;aDw):o .

In order to state the general form of the integral formula, we need an analogue of
the notion of the winding number of a curve round a point in the plane.

Definition 5 Let ¢ be any quaternion, and let C' be a closed 3-chain in H\{q}. Then
C'is homologous to a 3-chain C’ : I* — S, where S is the unit sphere with centre q.
The wrapping number of C about g is the degree of the map C"’.

Theorem 13 (the integral formula for a differentiable contour)

Suppose f isregularinanopenset U. Let gy € U, and let C be a differentiable 3-chain
in U\{qo} which is homologous, in the differentiable singular homology of U\{qo}, to
a 3-chain whose image is 9B for some ball B C U. Then

1 [ (g—g)"
2m2 Jo la— aol?

Dq f(q) = nf(qo)

where n is the wrapping number of C' about ¢.

Proof In the case n = 0, C' is homologous to 0 in U\{qo}, so C' = 9C, where Cj is
a differentiable 4-chain in U\{qo}. Since the 3-form G (¢ — qo)Dqf(q) is closed and
infinitely differentiable in U\ {qo}, Stokes’s theorem gives

27TQ/Gq—qo daf(q) = 5 2/ d[G(q —q0)Daf(q)] =

In the case n = 1, C is homologous to a 3-chain C’ : 9I* — OB where ¢y €
B c U and the map C’ has degree 1, hence C' is homologous to 9Cy, for some 4-
parallelepiped Cy with go € int Co(1*) and Co(I*) C U. Again using the fact that the
3-form G(q — qo)Dq is closed in U\{qo}, we have

1
2m?

[ 6ta-watto) = 55 [ Gla- w)Dar@ = f(a)
C 8Co

by the integral formula for a parallelepiped.

For general positive n, C' is homologous to a 3-chain C” of the form C” = p o C”
where C’ (having image dB) is as in the previous paragraphand p : 9B — OB is a
map of degree n, e.g.

plao +r(v+jw)] = qo + (0" + jw)
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where r is the radius of B. Dissect C’ as C’ = Y_;_, C} where the image of C is the
sector

27l —1 9
{q:qo+r(v+jw>€83#Sargvﬁ%}

Then each poC7 has image 0B and wrapping number 1 about go, and so by the previous
paragraph

1 1 n
37 /. Gla—a0)Daf(a) = 55 2 /pocé G(q—q0)Dqf(q) = nf(qo)-

In the case n = —1, C'is a homologous to a 3-chain C”’ of the form C” = C’ o K,
where C’ : 9I* — OB has degree 1 and K : 9I* — OI* has degree —1, for example
the reflection (¢1, to, ts,t4) — (1 — t1,ta,t3,t4). Then

Iy p—r

the integrand G (g — ¢o)Dqf(q) being understood. For general negative n we dissect
the 3-chain C as for general positive n. This establishes the theorem for all n. o

More generally, Cauchy’s theorem and the integral formula are valid for rectifiable
contours, which we define as follows.

Definition 6 Let C' : I* — H be a continuous map of the unit 3-cube into H, and
|etP20:S()<Sl<...<Sp:].,Q50:t()<t1<...<tq:].and
R:0=1ug <uji <..<u, =1 Dbethree partitions of the unit interval I. Define

U(C; P, Q7 R) = Z Z Dq(C(SH-l; T, un) - C(Se, T, un)7

C(Sé; tmat, un) - C(Sg, tm, Un)a
C(Sg, T, U7L+1) - C(Séa T, un))-

C' is a rectifiable 3-cell if there is a real number M such that o(C; P,Q,R) < M
for all partitions P, @, R. If this is the case the least upper bound of the numbers
(C; P,Q, R) is called the content of C' and denoted by o (C').

Let f and g be quaternion-valued functions defined on C'(13). We say that f Dqg
is integrable over C if the sum

p—1 q—1 r—1

Z Z f(C(gg, Em; an))DQ(C(Sl+1; tms un) - C(Se, tms un)7

=0 m=0n=0
C(Sé; tm+1, un) - C(Sg, tm, Un)a
C(Sg, T, U7L+1) - C(Sg, T, Un))g(c(§7 Em; 'U/n))7
where sy < 5y < Spq1, tm <ty < tpa1 and uy, < Uy, < ugny1, has a limit in the
sense of Riemann-Stieltjes integrationas | P|, |Q|, |R| — 0, where | P| = maxo</<p—1 |Se+1—

se| measures the coarseness of the partition P. If this limit exists, we denote it by
Jo fDqg.
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We extend these definitions to define rectifiable 3-chains and integrals over rectifiable
3-chains in the usual way.

Just as for rectifiable curves, we can show that f Dqg is integrable over the 3-chain
C'if f and g are continuous and C' is rectifiable, and

/CfDqg

Furthermore, we have the following weak form of Stokes’s theorem:

Stokes’s theorem for a rectifiable contour. Let C be a rectifiable 3-chain in H with
0C = 0, and suppose f and g are continuous functions defined in a neighbourhood U
of the image of C, and that f Dgg = dw where w is a 2-form on U. Then

/CfDq9=0-

The proof proceeds by approximating C by a chain of 3-parallelepipeds with vertices at
the points Cy(s¢, tm, un) Where C,, is a 3-cell in C and sy, t,,,, u,, are partition points
in I. Stokes’s theorem holds for this chain of 3-parallelepipeds, and we can use the
same argument as for rectifiable curves (see e.g. [13, p. 103]).

We can now give the most general forms of Cauchy’s theorem and the integral
formula.

< (max| 1) (max g} (C).

Theorem 14 (Cauchy’s theorem for a rectifiable contour)
Suppose f is regular in an open set U, and let C' be a rectifiable 3-chain which is
homologous to 0 in the singular homology of U. Then

/Cqu:o.

Proof First we prove the theorem in the case when U is contractible. In this case, since
d(Dqf) = 0 and f is continuously differentiable (by theorem 11), Poincaré’s lemma
applies and we have Dqf = dw for some 2-form w on D. But 9C = 0, so by Stokes’s
theorem [, Dqf = 0.

In the general case, suppose C' = 9C™ where C* is a 4-chain in U. We can dissect
C*as C* = ) Cr, where each C7: is a 4-cell lying inside an open ball contained

n?

in U and C; is rectifiable. Hence by the first part of the theorem fac* Dqf = 0, and

therefore
/ Dqf = E Dqf = 0. m|
c

n YOC%
A similar argument proves the following general form of the integral formula

Theorem 15 (the integral formula for a rectifiable contour)
Suppose f is regular inan openset U. Let go € U, and let C be a rectifiable 3-chain in
U\{qo} which is homologous, in the singular homology of U\{qo}, to a differentiable
3-chain whose image is 0B for some ball B C U. Then

1 [ (g—gq)"

2m* Jo g — qof?

where n is the wrapping number of C' about ¢q.

Dq f(q) = nf(q)
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5 Somelmmediate Consequences

Since regular functions are harmonic, they satisfy a maximum-modulus principle and
a Liouville theorem. As with functions of a complex variable, Liouville’s theorem
follows immediately from the Cauchy-Fueter integral formula, as in e.g. [14, p. 85
(second proof)].

Morera’s theorem also holds for quaternionic functions, but in this case the usual
proof cannot easily be adapted. The proof given here is based on an incomplete proof
by Schuler [8].

Theorem 16 (Morera’s theorem) Suppose that the function f is continuous in an
open set U and that fac Dqf = 0 for every 4-parallelepiped C contained in U. Then
fisregularinU.

Proof The method is to show that f satisfies the integral formula and then argue as for
the analyticity of a regular function (theorem 11).

First we show that [, G(q — qo)Dqf(q) = 0 if go does not lie inside C, using
Goursat’s argument. As in theorem 9, we find a sequence of 4-parallelepipeds C.,,
converging on a point ¢, and satisfying

. G(q—qo)daf(q ‘ T

/ G(q—qo)dqf(q)|- (5.1)

Since qq lies outside C', G(q — qo) is a right-regular function of ¢ inside C' and so, by
the counterpart of theorem 8 for right-regular functions, dG4—4, A Dg = 0. Now write

G(q—q0) = G4 — q0) + (g — goo) + (¢ — go0)7(q)
where o = dGy_ _q, € F1,50thata A Dg =0, and r(¢) — 0as ¢ — geo; and write

f(@) = f(ge0) +5(q)

where s(q) — 0as ¢ — goo. Then
/ G(q—q0)Dqf(q) = G(geo — q0 / Dqf(q / (g — Goo)Dq f(qo)
oC, oC
+ /6 _ ala = g)Das(a) + /6  @=a)r(@)Daf (o)

The first term vanishes by assumption, the second because &« A Dg = 0. Now for
q € 0C,, we have |¢ — goo| < 27" L, where L is the sum of the lengths of the edges
of C; since « is linear, there is a number A£ such that |a (¢ — goo| < M|q — goo|. The
volume of each face of C,, is at most 8"V, where V' is the volume of the largest face
of C. Hence

G(q—qo)Dqf(q)| <27"LM.8 "Vo, + 2 "Lp,.8 "V (|f(doo)| + on)
aC,
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where p,, and o,, are the maximum values of the continuous functions r(q) and s(q)
on 9C,,. Since p,, — 0 and o,, — 0 as n — oo, it follows that

(q_QO)DQf(Q) —0 a n— oo

and so from (5.1) that [, G(q — qo)Dqf(q) = 0.

Now consider the integral fac G(q — q0)Dqf(q) where gq lies inside C. By what
we have just proved, the parallelepiped can be replaced by a small parallelepiped Cj
containing ¢q, as in theorem 10. After this point has been established, the proof of
theorem 10 depends only on the continuity of f and is therefore valid under the present

conditions; hence
1

fo)=55 | Gl -a)Ddf(d)

™ Jac
for any 4-parallelepiped C with ¢ € int C'(I*) C U. Since G(¢' — ) is a continuously
differentiable function of ¢ in the interior of C' as long as ¢’ lies on its boundary, it
follows, as in theorem 11, that f is differentiable and that

def(q) = %G — @)D f(q) =

27 2m2 ocC
since G is regular. Thus f is regular. O

6 Construction of Regular Functions

Regular functions can be constructed from harmonic functions in two ways. First, if f
is harmonic then (2.45) shows that 9, f is regular. Second, any real-valued harmonic
function is, at least locally, the real part of a regular function:

Theorem 17 Letw be a real-valued function defined on a star-shaped open set U C H.
If w is harmonic and has continuous second derivatives, there is a regular function f
defined on U such that Re f = u.

Proof Without loss of generality we may assume that U contains the origin and is
star-shaped with respect to it. In this case we will show that the function

fg) =ulq) + 2Pu/ s20pu(sq)qds (6.1)

0

is reqularin U.
Since

1
Re/ s20pu(sq)qds =

0

! Ou u
A s {a—sq + xZ(SQ)}d
2.4 1
d

1
/ 52
¢

w|>—~ wl»—n
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we can write ) )
flg) = 2/ s20u(sq)q ds + 2/ su(sq)ds. (6.2)
0 0

Since u and dyu have continuous partial derivatives in U, we can differentiate under
the integral sign to obtain, for ¢ € U,

1

Oef(q) = 2/ 520y [Ou(sq))] qu—i—/ s* {Opu(sq) + e;0pu(sq)e; } d8+2/ s20pu(sq) ds.
0 0 0

But 9, [0u(sq)] = sAu(sq) = 0 since w is harmonic in U, and

Oru(sq) + ei0pu(sq)e; = —20pu(sq) by (2.27)
= —20pu(sq)  since u is real.

Hence d,f = 0in U and so f is regular. |
If the region U is star-shaped with respect not to the origin but to some other point
a, formulae (6.1) and (6.2) must be adapted by changing origin, thus:

1
£a) = ula) +2Pu [ $Ou((1-s)a-+s)(g-a)ds (63)
0
1 1
=2 / s20pu((1—s)a+sq)(qg—a) ds + 2 / su((1—s)a+sq) ds. (6.4)
0 0
An example which can be expected to be important is the case of the function u(q) =
|q|~2. This is the elementary potential function in four dimensions, as log |z| is in the
complex plane, and so the regular function whose real part is |¢| =2 is an analogue of
the logarithm of a complex variable.

We take U to be the whole of H except for the origin and the negative real axis.

Then U is star-shaped with respect to 1, and |¢| ~2 is harmonic in U. Put

1 q_l
ulq) = —m5,  Owulg) =-175, a=1
( ) |q|2 (4 ( ) |q|2
then (6.3) gives
_ 1 .
f(a) = =(qPugq) 1*ﬁ&wgq if Pug #0
| Pug| ©5)
= ﬁ if ¢ is real and positive,
q
where . Pul
ug 1 uq
=1 = .
argq = log(Unq) Pug tan ( Req ) 7 (6.6)

which is ¢ times the usual argument in the complex plane generated by ¢. (In practice
the formulae (6.3) and (6.4) are not very convenient to use, and it is easier to obtain
(6.5) by solving the equations

2t

F=—-F7 0
\ (2 +12)2
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and oF )
r

- F=_-

o TV F = ey
where t = Req, r = Pug and » = |r|—these express the fact that F : H — P is the
pure quaternion part of a regular function whose real part is |¢| ~2—and assuming that
F has the form F(r)r.)

We will denote the function (6.5) by —2L(g). The derivative of L(g) can most

easily be calculated by writing it in the form

r2 + te;x; €T 4 (T
L) = =5y g o (5) (6.7)
the result is L
iL(g) = Glg) = ‘ﬁ (6.8)

Thus L(q) is a primitive for the function occurring in the Cauchy-Fueter integral for-
mula, just as the complex logarithm is a primitive for z~1, the function occurring in
Cauchy’s integral formula.

Theorem 17 shows that there are as many regular functions of a quaternion variable
as there are harmonic functions of four real variables. However, these functions do not
include the simple algebraic functions, such as powers of the variable, which occur as
analytic functions of a complex variable. Fueter [4] also found a method for construct-
ing a regular function of a quaternion variable from an analytic function of a complex
variable.

For each ¢ € H, let n, : C — H be the embedding of the complex numbers in
the quaternions such that ¢ is the image of a complex number ¢(g) lying in the upper
half-plane; i.e.

Pugq
Y, 6.9
| Pug] (69)

¢(q) = Req+i|Pugq|. (6.10)

ng(x +iy) = = +

Then we have

Theorem 18 Suppose f : C — C is analytic in the open set U C C, and define
f:H— Hby

f(a) =mngq o follq) (6.11)
Then A is regular in the open set ¢ ~* (U) C H, and its derivative is
au(Af)=Af, (6.12)

where f’ is the derivative of the complex function f.

Proof [6] Writingt = Req,r = Pug, r = [r|, and u(z,y) = Re f(z +1iy), v(z,y) =
Im f(x + iy), the definition of f gives

f)
Re [@f(@}

u(t,r) + ;v(t, T)

1 {% [u(t,r)] — V. Ev(t,r)} } — Luy(t,r) -

u(t, r)

- %UQ(ta 7“)

(6.13)
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where the subscript 1 or 2 on « and v denotes partial differentiation with respect to the
first or second variable; and

[\

Pu [@f(q)} 1 {V [u(t,r)] + % Ev(t, r)} +V x Ev(t,r)} }

Lt ) + Sui ()
{7" r }

Since f = u-+iv is analytic, the Cauchy-Riemann equations give u; —vy = us+v; =0
and so

_ t.r
9 f(q) = *M-
r
Hence o2 o2 (1)
. _ 1 v(t,r
D Af(q) = Adef(q) = — (ﬁ + ;WT) ,
_ 7’[)11(t, 7“) + V22 (t, 7")
T
=0
since v is a harmonic function of two variables. Thus f is regular at ¢ if f is analytic
at ¢(q).

A calculation similar to the above shows that

Of(@) = +v2) +~ + 5 (~uz + 1)

t
=wuy(t,r) + gvl(t,r) + @
by the Cauchy-Riemann equations for f. But f’ = u; + ivy, 50 8f = f' + v/r; and
A(v/r) =0, s0 ) 3 )
d(Af)=A0f) =Af. O

Functions of the form f have been taken as the basis of an alternative theory of
functions of a quaternion variable by Cullen [15].

From (5.13) a straightforward calculation, using the fact that « and v are harmonic
functions, gives

Af(q) = QUQY’T) + % {%rr) - U(i’;) } (6.14)

The following examples are interesting: When
fz)==""  Af(q) = —4G(q); (6.15)

when B
f(z)=logz,  Af(q) =—4L(q) (6.16)
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7 Regular Functions and Conformal Mappings

Because the quaternions are four-dimensional, very little remains in quaternionic anal-
ysis of the relation between analytic functions and conformal mappings in complex
analysis. However, the conformal group of H acts on regular functions in a simple
way. The action of rotations and inversions will be needed in studying regular poly-
nomials, and so it seems appropriate to present here the action of the full conformal

group.

Theorem 19 Let H* = H U {co} be the one-point compactification of H. If the
mapping f : H* — H" is conformal and orientation-preserving, f is of the form

f(a) = (ag +b)(cq +d)~* (7.1)

for some a, b, c,d € H. Conversely, any such mapping is conformal and orientation-
preserving.

Proof Let C be the group of orientation-preserving conformal mappings of H*, and let
D be the set of mappings of the form (7.1). Then if f € D, f has differential

dfy = (ac™'d — b)(cq + d) *cdg(cq +d) "

This is of the form adq3, which is a combination of a dilatation and a rotation, so f is
conformal and orientation-preserving. Thus D is a subset of C. Now C' is generated
by rotations, dilatations, translations and the inversion in the unit sphere followed by a
reflection [16, p. 312], i.e. by the mappings ¢ — aq3, ¢ — ¢+ yand g +— ¢~ . Ifa
mapping in D is followed by any of these mappings, it remains in D; hence CD C D.
It follows that D = C. O

The same argument can be used to obtain the alternative representation f(q) =
(qc +d)~'(qa + D).

We now show how a regular function gives rise to other regular functions by con-
formal transformation of the variable.

Theorem 20

(i) Given afunction f: H — H, let If : H\{0} — H be the function
-1
q -1
If(q) = —= f(q¢™ ).
f(q) PE ()
If fisregular atg~?!, If is regular at q.
(if) Given a function f : H — H and quaternions a, b, let M (a, b) f be the function
[M(a,b) f1(g) = bf (a™"gb).

If fis regular at agb, M (a,b)f is regular at q.
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(iii) Given a function f : H — H and a conformal mapping v : ¢ — (aq + b)(cq +
d)~1, let M (v)f be the function

1 cq+d)t

MO0 = g e
If fis regular atv(q), M(v)f is regular at g.

Proof (i) By theorem 8, it is sufficient to show that

Dq Ad(If), = 0.

fv(q)-

Now If = G(f o), where G(q) = % and ¢ : H\{0} — H is the inversion g — ¢~ 1.

Hence
Dg Ad(If)g = Dg A dGyf(q~") + Dg A G(q)d(f o),

= DqG(q) Nydfy—
since G is regular at ¢ # 0. But
1:Dq(h1, ha,hs) = Dg(—q ' hiq™', —q " 'haq ™', —q " 'haqg™")
—1

= *(llqﬁDQ(hl,hQ,h:s)q*l

by (2.41). Thus
DqG(q) = —|q*qv; Dq

and so )
DgNd(If)q = —lql*quy(Dg A dfg-—1)

=0

if fisregularatq—*. 0
(ii) Let p : H — H be the map ¢ — agb. Then by (2.41)

1" Dg = |af*|b]*a Dqb

and so
Dq N d[M(a’7 b)ﬂq = Dg A buzdfu(q)

= [a] 2B 2~ (s D)~ A bpildfugy)
= |a|72|b|72a71:u2 (Dq A df;t(q))
=0
if fisregularat u(q). It follows from theorem 8 that M (a, b) f is regular at q. ]
(iii) The map ¢ — v(q) = (aq + b)(cq + d)~' can be obtained by composing the
sequence of maps

q—q =cqb—actd)! (7.2)

¢ —q =q¢+db-actd)! (7.3)
q// N q//l — qllfl (74)
q//l N V(q) — q//l + a071 (75)

Clearly translation preserves regularity, i.e. if f is regular at ¢ + «, f(q + «) is regular
at g. Applying this to the maps (7.3), part (i) of the theorem to (7.4) and part (ii) to
(7.2), we find that M (v) f is regular at ¢ if f is regular at v(q). O
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8 Homogeneous Regular Functions

In this section we will study the relations between regular polynomials, harmonic poly-
nomials and harmonic analysis on the group S of unit quaternions, which is to quater-
nionic analysis what Fourier analysis is to complex analysis.

The basic Fourier functions e?*? and e~"?, regarded as functions on the unit cir-
cle in the complex plane, each have two extensions to harmonic functions on C\{0};
thus we have the four functions 2™, z", =™ and z~"™. The requirement of analytic-
ity picks out half of these, namely 2™ and z~™. In the same way the basic harmonic
functions on S, namely the matrix elements of unitary irreducible representations of
S, each have two extensions to harmonic functions on H\{0}, one with a negative
degree of homogeneity and one with a positive degree. We will see that the space of
functions belonging to a particular unitary representation, corresponding to the space
of combinations of ¢? and e~ for a particular value of », can be decomposed into
two complementary subspaces; one (like ¢™*?) gives a regular function on H\ {0} when
multiplied by a positive power of |g|, the other (like e =) has to be multiplied by a
negative power of |g|.

Let U,, be the set of functions f : H\{0} — H which are regular and homogeneous
of degree n over R, i.e.

flag) = a™f(q) fora € R.

Removing the origin from the domain of f makes it possible to consider both positive
and negative n (the alternative procedure of adding a point at infinity to H has disad-
vantages, since regular polynomials do not necessarily admit a continuous extension to
H U {oc} = 5). Let W, be the set of functions f : H\{0} — H which are harmonic
and homogeneous of degree n over R. Then U,, and W,, are right vector spaces over
H (with pointwise addition and scalar multiplication) and since every regular function
is harmonic, we have U,, C W,,.

Functions in U,, and W,, can be studied by means of their restriction to the unit
sphere S = {q: |¢| = 1}. Let

Uy, ={fIS: feU.}, W.={flS:feW,}

then U,, and U,, are isomorphic (as quaternionic vector spaces) by virtue of the corre-
spondence o

J€Uns feU, where f(Q) = r”f(u), (81)
using the notationr = |¢| € R, u = % €s.

Similarly W,, and W,, are isomorphic.
In order to express the Cauchy-Riemann-Fueter equations in a form adapted to the
polar decomposition ¢ = ru, we introduce the following vector fields Xg, ..., X3 on

H\{0}:

Xof = di [f(qee)} 9=0" (8.2)
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These fields form a basis for the real vector space of left-invariant vector fields on the
multiplicative group of H, and they are related to the Cartesian vector fields %, % by

6‘ 0
X i A4
0 6 + x; amt (8.4)
0 0 0
Xi =—wig; +to— — €k Tj 5 :
Yot T o T g, (8.5)
0 1
5 = 2 (tXo—@iXi), (8.6)
0 1
O = T—Q(Gz‘jkl“ij +tX; + z; Xo). (8.7)
Their Lie brackets are
[Xo, Xi] =0, (8.8)
(Xi, Xj] = 2€5. X (8.9)

Using (3.4) and (8.5) the differential operators 9, and A can be calculated in terms
Xo and X;. The result is

5_'4 = %(j_l(X() + GiXi), (810)
1
A = 5 (XX + Xo(Xo +2)) (8.11)

From (8.11) we can deduce the following (well-known) facts about 1/, :

Theorem 21

(I) Wn = W—n—Q
(i) dimW,, = (n+1)?
(iif) The elements of 1¥,, are polynomials in gq.

Proof The elements of W,,, being homogeneous of degree n, are eigenfunctions of
Xo with eigenvalue n. Since they are also harmonic, e.g. (8.11) shows that they are
eigenfunctions of X; X, with eigenvalue —n(n + 2). Now the vector fields X; are
tangential to the sphere S, so their restrictions X, = X;|S are vector fields on S; they
are a basis for the real vector space of left-invariant vector fields on the Lie group S,
which is isomorphic to SU(2). Thus if f € W,,, f = f|S for some f € W,,, so f is an
eigenfunction of X; X; with eigenvalue —n(n + 2) and therefore fisan eigenfunction
of X, X; with eigenvalue —n(n+2). Conversely, if f is an eigenfunction of X; X; with
eigenvalue —n(n + 2), then

A [r"f(u)} - i{ XX f + [Xo(Xo +2)r"] f} —0

r2

so f € W,,. Thus W, is the space of eigenfunctions of X; X, with eigenvalue —n(n +
2).
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It follows immediately that W,, = W_,,_,.  O(i)

W, is the quaternionification of the complex vector space ¢ of complex-valued
functions on S which have eigenvalue —n(n + 2) for X;X;. It is known [17, p. 71]
that this space has a basis consisting of the matrix elements of the (n + 1)-dimensional
representation of the group S. Hence

dimg W,, = dime¢ W¢ = (n+ 1)2.  O(ii)

In particular, W, consists only of constant functions, and therefore so does .

Now if f belongsto W,,, % and ng belongto W,,_1, and all the nth partial derivatives

of f belong to Wy; hence all the (n7'+ 1)th partial derivatives of f vanish and so f is a
polynomial. agiii)

Theorem 22

(I) Wn = ﬁn 2] ﬁ—n—Q
(") Un = U—'rL—3
(i) dimU, = 3(n+1)(n+2)

Proof (i) Eq. (8.10) shows that the elements of U,,, which satisfy Xyf = nf and
0;f = 0, are eigenfunctions of Q = e; X; with eigenvalue —n. As in theorem 21, it
follows that U,, consists of the eigenfunctions of Q = e; X; with eigenvalue —n. Now
using (8.9), it can be shown that 2 satisfies the equation

0?20+ X;X; =0

and therefore } 3
0220+ X, X, =0.

Hence B N o

= (Q_TL—Q)(Q+7L)f =0

It follows that TW,, is the direct sum of the eigenspaces of € with eigenvalues —n and
n + 2 (these are vector subspaces of W, since the eigenvalues are real), i.e.

Wn = Un S ﬁ—n—Q D(I)

(ii) It follows from theorem 20(i) that the mapping I is an isomorphism between
U,and U_,,_3. a(ii)
(iii) Let d,, = dim U,,. By (1) and theorem 21 (ii),

dp+d p o= (TL + 1)2

and by (ii),d_,,_2 = d,,_1. Thusd,,+d,,_1 = (n-+1)2. The solution of this recurrence
relation, with dg = 1, is

dp =3(n+1)(n+2).  Oii)
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There is a relation between theorem 20(ii) and the fact that homogeneous regular
functions are eigenfunctions of 2. Theorem 20(ii) refers to a representation M of the
group H* x H* defined on the space of real-differentiable functions f : H\{0} — H
by

[M(a,b) f1(g) = b f(a™"qb).

Restricting to the subgroup {(a,b) : |a| = |b| = 1}, which is isomorphic to SU(2) x
SU(2), we obtain a representation of SU(2) x SU(2). Since the map ¢ — agb is a
rotation when |a| = |b| = 1, the set W of harmonic functions is an invariant subspace
under this representation. Now W = H®c W€, where W€ is the set of complex-valued
harmonic functions, and the representation of SU(2) x SU(2) can be written as

M(a,b)(q® f) = (bq) ® R(a,b) f

where R denotes the quasi-regular representation corresponding to the action g +—
agb—t of SU(2) x SU(2) on H\{0}:

[R(a,b)flg = f(a™"qb).

Thus M |W is the tensor product of the representations DY x D! and R|W¢ of SU(2) x
SU(2), where D™ denotes the (n + [)-dimensional complex representation of SU(2).
The isotypic components of R|WW ¢ are the homogeneous subspaces W<, on which R
acts irreducibly as D™ x D™; thus W, is an invariant subspace under the representation
M, and M|W,, is the tensor product (D° x D') ® (D™ x D"). W,, therefore has two
invariant subspaces, on which M acts as the irreducible representations D™ x D™*! and
D™ x D™, These subspaces are the eigenspaces of €. To see this, restrict attention
to the second factor in SU(2) x SU(2); we have the representation

M'(b)(g® f) =M(1,0)(¢® f) = [D'(b)q] @ [R(1,0)f]

where D! (b)q = bg. The infinitesimal generators of the representation R(1,b) are the
differential operators X;; the infinitesimal generators of D!(b) are e; (by which we
mean left multiplication by e;). Hence the infinitesimal operators of the tensor product
M’ are e; + X;. The isotypic components of 1V are the eigenspaces of the Casimir
operator

Bute;e; = —3,and X; X; = —n(n + 2) on W,,; hence

and so the isotypic components of W, for the representation A/’ are the eigenspaces
of Q. U, the space of homogeneous regular functions of degree n, has eigenvalue —n
for Q, and so M’|U,, is the representation D"*! of SU(2).

Similar considerations lead to the following fact:

Theorem 23 If f is regular, ¢f is harmonic.
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Proof First we show that f € U, = qf € W,. From the definition (8.3) of the
operators X; we have

Xi(q) = qe
Hence
XiXi(qf) = Xi(qeif +qXif)
= =3qf +2qe; Xi f + ¢ X Xi f

since the X; are real differential operators. If f € U,, it is an eigenfunction of e¢; X;
with eigenvalue —n and of X; X; with eigenvalue —n(n + 2), and so

X Xi(af) = —(n+1)(n +3)f.

Since g f is homogeneous of degree n+ 1, it follows from (8.11) that it is harmonic. But
any regular function can be represented locally as a series f = >_ f,, with f,, € U,
and so the result follows for any regular f. |

The representation M of SU(2) x SU(2) can also be used to find a basis of regular
polynomials. It belongs to a class of induced representations which is studied in [18],
where a procedure is given for splitting the representation into irreducible components
and finding a basis for each component. Rather than give a rigorous heuristic derivation
by following this procedure, which is not very enlightening in this case, we will state
the result and then verify that it is a basis.

Since the functions to be considered involve a number of factorials, we introduce
the notation

n

z[”}zz— ifn>0
n!
=0 ifn<0

for a complex variable z. This notation allows the convenient formulae

d%z[n] _ - (8.12)
(214 22)" = 2L, (8.13)

where the sum is over all integers r.
The representation D™ of S = SU(2) acts on the space of homogeneous polynomi-
als of degree n in two complex variables by

(D" (u) f](21, 22) = f(21,23),
where
2 gl =u" (21 + j2).
Writing u = v + jw where v,w € C and |v|? + |w|? = 1, we have
2] = V21 + Wz, 2h = —wz + vz,

Hence the matrix elements of D™ (u) relative to the basis fx(z1,22) = z%’“] zé”‘k] are
re(w) = (=)"kl(n — k)P (u)
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where
Ply(v + jw) =Y (=)ol i gl brlple=r (8.14)
.
The functions PJ,(¢) are defined for all quaternions ¢ = v + jw and for all integers
k, ¢, n, but they are identically zero unless 0 < k, £ < n.

Theorem 24 As a right vector space over H, U,, has the basis

re(0) = Pre(q) =3P () (0<k<E<n)

Proof Using (8.14), it is easy to verify that )}, satisfies the Cauchy-Riemann-Fueter
equations in the form

oPy, _ P, 9Py _ 9Py

o ow ow v
(cf. 3.16). Since the functions D7, are independent over C as functionson S for 0 < k,
¢ < n, the functions P/}, are independent over C as functions on H for 0 < k, £ < n.
It follows that the functions Q7, (0 < k <n+ 1,0 < £ < n) are independent over C
and therefore span a right vector space over H of dimension at least %(n + 1)(n +2).
Since this space is a subspace of U,,, which has dimension 1 (n + 1)(n + 2), the Q7,
span U,,.
Since zj = jz forany z € C, it can be seen from the definition (8.14) that

n o - n
Phi=3J n—k,n—~

and therefore

QZZJ = Qz—k-{-l,n—é'
Thus U, is spanned by the @7, (0 < k < £ < n), which therefore form a basis for
U,. O

Another basis for U,, will be given in the next section.

We conclude this section by studying the quaternionic derivative 9,. Since dy is a
linear map from U, into U,,_; and dim U,, > dim U,,_1, d; must have a large kernel
and so we cannot conclude from 9, f = 0 that f is constant. However, although the
result is far from unique, it is possible to integrate regular polynomials:

Theorem 25 Every regular polynomial has a primitive, i.e. 9, maps U,, onto U,, 1 if
n > 0.

Proof Suppose f € U, is suchthat 9,f = 0. Then

o1 _, of _

= e =0.
at € 5‘:51

Thus f can be regarded as a function on the space P of pure imaginary quaternions.
Using vector notation for elements of P and writing f = fo + f with f, € R, f € P,
the condition eig—:i — (0 becomes

Vi +Vxf=0, V.f=0.
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If n > 0, we can define f(0) so that these hold throughout P, and so there exists a
function F : P — P such that

f=Vx F, f() = 7VF,

OF

fzeia_a:,-'

Then F is harmonic, i.e. V2F = 0.

Let T, be the right quaternionic vector space of functions F : P — H which are
homogeneous of degree n and satisfy V2F = 0; then dim T}, = 2n + 1. Let K, be the
subspace of T;, consisting of functions satisfying eig—;fi = 0; then K,, = ker 9y C U,.
The above shows that eia% : Thy1 — T, maps T,,41 onto K,; its kernel is K, 1,
and so

dim K, + dim K41 = dim 7T}, 41 = 2n + 3.

The solution of this recurrence relation, with dim Ky = 1, is dim K,, = n + 1. But
dimU, —dimU,_1 = $(n+1)(n+2) — in(n+1) =n+1.

It follows that 9, maps U,, onto U,,_. O

Theorem 26 If n < 0, the map 0 : U,, — U,,_1 is one-to-one.

Proof We introduce the following inner product between functions defined on the unit
sphere S:

(frq) = /S Fl)g(u)du

where du denotes Haar measure on the group .S, normalised so that fS du = %7‘(‘2. For
functions defined on H, we can use (4.6) to write this as

(f.g) = /qu’qug(q)

Asamap: U, x U, — H, this is antilinear in the first variable and linear in the second,
i.e.
(fa,gb) =a(f,g)b foralla,becH

and is non-degenerate since (f, f) =0 < f =0.
Now let f € U,, g € U_,,_» and let I denote the map : U,, — U_,,_3 defined in
theorem 20(i). Then

(g,mm=/S@6f1qu‘18ef(q_l)
_ /S (@ (Dadef),
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where ; denotes the map ¢ — ¢~ and we have used the fact that .* Dg = —q~'Dqq !
for g € S. Since f is regular, Dgd; f = 3d(dg A dgf) and so

(0.101) =~ | STl (da A da 1)

1 .
:fi/dg/\z*(dq/\dqf) since 95 = 0.
S

On S, the inversion ¢ coincides with quaternion conjugation; hence *dg = dg and
therefore

(0. 100f) = 5 [ dg ndzndag (o)
B I
= 2/Sclcmdq/\dgf(q )

:_Lﬁaﬁg@ﬂfﬂ

since g is regular. Since conjugation is an orthogonal transformation with determinant
—1, Dq(h1, he, h3) = —Dq(hy, ha, h3); hence, because conjugation is the same as
inversion on S,

Dq=—"Dq=q 'Dqq "

Thus
(9, 100f) = 7/8eg(Q)q‘1qu‘1f(q‘1)
S

But 7 is an isomorphism, the inner product is non-degenerate on U_,,_5, and 9, maps
U_,_sontoU_,,_3ifn < —3;it follows that 9, : U,, — U,,_1 is one-to-one. O

In the missing cases n = —1 and n = —2, theorems 25 and 26 are both true
trivially, since U_; = U_» = {0}.

9 Regular Power Series

The power series representing a regular function, and the Laurent series representing a
function with an isolated singularity, are most naturally expressed in terms of certain
special homogeneous functions.

Let v be an unordered set of n integers {i1, ..., i, } With 1 < 4, < 3; v can also
be specified by three integers ni,no, ng with ny + ns + nz = n; where ny is the
number of 1’s in v, ny the number of 2’s and n3 the number of 3’s, and we will write
v = [ningng). Thereare 2(n + 1)(n + 2) such sets v; we will denote the set of all
of them by o,,. They are to be used as labels; when n = 0, so that v = (), we use the
suffix 0 instead of (). We write 0, for the n’th order differential operator

o o

0, = = :
0x;,...0x;,  Ox™ Jyn20z™3
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The functions in question are

Gu(g9) = 0,G(9) (9-1)
and 1
P,(q) = — Z(teil —xiy)...(tes, — i) (9.2)

where the sum is over all #2'%, different orderings of ny 1°s, ny 2’s and ng3 3’s.
Then P, is homogeneous of degree n and G, is homogeneous of degree —n — 3.

As in the previous section, U,, will denote the right quaternionic vector space of
homogeneous regular functions of degree n.

Theorem 27 The polynomials P, (v € o,,) are regular and form a basis for U,,.
Proof [17] Let f be a regular homogeneous polynomial of degree n. Since f is regular

and since it is homogeneous,

Hence

But ng is regular and homogeneous of degree n — 1, so we can repeat the argument;
after n steps we obtain

an
fla)= % D (@i — i) (@i, — tei,) 5 i;:c
= (=1)"P,(q)0, f(q)-
vEony

Since f is a polynomial, 0, f is a constant; thus any regular homogeneous polynomial
is a linear combination of the P,. Let V,, be the right vector space spanned by the P,,.
By theorem 21(iii), the elements of U,, are polynomials, so U,, C V,,; but dim V,, <
1(n+1)(n+ 2) = dim U, by theorem 22(iii). Hence V,, = U,,. O

The mirror image of this argument proves that the P, are also right-regular.

Theorem 28 The expansions

Gp—q) = > P(a9)G.(p) (9:3)
n=0v€o,

=> Y G.P.(9) (9-4)
n=0ve€o,

arevalid for |¢| < |p
with r < 1.

; the series converge uniformly in any region {(p, q) : |q| < r|p|}
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Proof Just as for a complex variable, we have

(I—-q)" Zq

n=0

for |¢| < 1; the series converges absolutely and uniformly in any ball |¢| < r with
r < 1. Hence G(1 — q) = (1 — ¢)~2(1 — ¢) can be expanded as a power series in ¢
and ¢ which converges uniformly in any ball with radius less than 1. Because G has
the multiplicative property

G(nq2) = G(a2)G(qr), (9.5)

it follows that G(p — q) can be expanded as a power series in p~1q, multiplied by G (p);
the series converges uniformly in any region [p~tq| < r withr < 1.

Regarding this series as a power series in ¢ and identifying it with the Taylor series
of GG about p, we have

1)rts 8’“*5(1 .

7,5=0141...1¢
Since G is regular, each derivative with respect to ¢ can be replaced by the combi-
nation — 3_, e; 52, giving

oG
t@ 1 te r ( xil)"'(_xis) (p)
nz() n! T;ﬂ Z J J ale...axj,,,é':vil...axis
Ji-
i1

n=0ve€on,
This proves (9.5). But G is also right-regular, i.e.
oG _ 96
ot N p 6331 v

so the derivatives with respect to ¢ in (9.6) can alternatively be replaced by combina-
tions of derivatives with respect to the x; with coefficients on the right, thus giving

=Y > G.P(@). O

n=0v€o,

Theorem 29 Suppose f is regular in a neighbourhood of 0. Then there is a ball B
with centre 0 in which f(q) is represented by a uniformly convergent series

0= > Plga, (9.7)

n=0ve€on
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where the coefficients a,, are given by

v W / Gy (9) Dq f(q) (9.8)
= (=1)"0, f(0). (9.9)

Proof Let S be a sphere with centre 0 lying inside the domain of regularity of f, B a
closed ball with centre 0 lying inside .S. Then for ¢ € B the integral formula gives

f0) = 5z | G ~ DI 1(@)
2WQ/ZZP ¢)D4 f(q)

n=0ve€on

since |q| < |¢'| if ¢ € B and ¢’ € S. The series converges uniformly on B x S, so it
can be integrated term by term to give a uniformly convergent series of the form (9.7)
with

a, = ;?/SGV(CJ)qu(q)

But the functions G, are right-regular except at 0, so (4.4) gives d(G,Dqf) = 0
outside B, and therefore Stokes’s theorem can be used to replace the contour S by 9 B.
Differentiating the integral formula gives

o flq) = -

Hence 0, f(0) = (—1)"a,. O
Corollary

)Dq' f(q')

2W2/G ) Dq Po(q) = 5y,

where S is any sphere containing the origin.
This follows by putting f = P, in (9.7).

Theorem 30 (the Laurent series) Suppose f is regular in an open set U except pos-
sibly at ¢o € U. Then there is a neighbourhood N of ¢o such thatif ¢ € N and ¢ # qo,
f(g) can be represented by a series

— i Z {P,(q — qo0)av + Gu(q — qo)bu}

n=0v€Eo,

which converges uniformly in any hollow ball
{g:r<|¢g—qo| <R}, withr >0, which liesinside N.

The coefficients a,, and b,, are given by

a, = %/CGV((]_QO)DQJC(QL (9.11)

b, = %/CPV(Q_QO)DQJC(QL (9.12)
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where C'is any closed 3-chain in U\{qo } which is homologous to 9B for some ball B
with go € B C U (so that C has wrapping number 1 about ¢).

Proof Choose R; so that the closed ball By = {q : |¢ — go| < R1} lies inside U,
and let N = int By, S; = 9By. Given g € N\{qo}, choose Ry so that 0 < Ry <
|g — go] < Ra, and let Sy be the sphere {q : |¢ — go| = R2}. Then by the integral
formula,

1
272

flqg) = / G(q' —q)Dq f(q") — %/ G(q" = q)Dq f(q). (9.13)

1 2

For ¢’ € S; we have |¢ — qo| < |¢ — qol, and so as in theorem 29

27r2/Gq—quf ZZP q—qo)a (9.14)

n=0ve€o,

where

ZWQ/ Gu(q" = q0)Dq f(q')

and the series is uniformly convergentin any ball |g—qo| < RwithR < Ry. If C'isa3-
chain as in the statement of the theorem, it is homologous to Sy ; since d(G, Dqf) =0
in U\{qo}, Stokes’s theorem gives (9.11).

For ¢’ € Sy we have |¢' — qo| < |¢ — go| and so we can expand G(¢’ — ¢) as in
(9.4) to obtain

_2_71r2 G(d —a)Dd f(d) %/S > 2 Gola—a)P(d' — 0)Dd' f(d)

S2 2 n=0v€o,

= Z Z Gu(q— qo)b

n=0v€on
(9.15)

where
1

b, = —
v 27T2 So

P,(¢ —q0)Dq f(d).

The series is uniformly convergent in any region |¢ — qo| > r with » > Rs. Since the
P, are right-regular, d(P, Dqf) = 0in U\{qo} and so the contour S5 in the formula
for b, can be replaced by any 3-chain C' as in the statement of the theorem. In par-
ticular, b, is independent of the choice of Ry and so the same representation is valid
for all ¢ € N\{qo}. Now putting (9.14) and (9.15) into (9.13) gives (9.10) for all

g€ N\{g}. O
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