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2022-02-06  Maxwell derivation
April 30, 2022

1 Deriving the Maxwell Equations

To derive the Maxwell source equations, the Lorentz invariant quantity:

B2 - E?

is put in the Euler-Lagrange equations, and the result is both Gauss’s law and Ampere’s law. In a
standard derivation one does a contraction of two rank-2 anti-symmetric field strength tensors:

F"F,, = B - E?

The field strength tensor F* is a complicated structure, with each of the 6 EM fields sitting in
their own isolated room. If one were to show the first equation to anyone with high school algebra,
they would think that should be the result of a simple product:

B>~ E?=?=(B+E)(B-E)

With the space-time number approach, both the F and B fields necessarily have 4 terms, but the
first one happens to be zero for both. As has been my pattern in this library, if I brake a universal
convention to make something a “space-time number” in terms of its algebraic qualities, I will add
a _q. Thus I work with E_q and B_ g. The goal here is to get to:

(0,B—E)(0,-B — E) = (B? - E? 2E x B)

Load the needed libraries. Note that Qs.py is a library for manipulating space-time numbers and
space-time number series written by the author.

%hcapture

Jmatplotlib inline

import numpy as np

import sympy as sp

import matplotlib.pyplot as plt
import math

import unittest

# To get equations the look like, well, equations, use the following.
from sympy.interactive import printing



printing.init_printing(use_latex=True)
from IPython.display import display

# Tools for manipulating quaternions.
from Qs import *

from IPython.core.display import display, HTML, Math, Latex
display(HTML("<style>.container { width:100% !important; }</style>"))

The first thing to do is define variables and functions for sympy to use and define the EM potential.

[2]: t, x, y, z = sp.symbols("t x y z")
, Ax, Ay, Az = sp.Function(" "), sp.Function("Ax"), sp.Function("Ay"), sp.
—Function("Az")
(t, x, y, z).diff(t)
[21: 5
ar ta r,Yy,z
UL
[3]: EM_potential = Q([ (t, x, y, z), Ax(t, x, y, z), Ay(t, %, y, z), Az(t, %, y,u
-z)]1)
simpler = { (t, x, y, z): " ", Ax(t, %, y, z): "Ax", Ay(t, %, y, z): "Ay", Az(t,,
X, y, z): "Az"}
EM_potential.subs(simpler) .print_state("EM potential")
EM potential
(, Ax, Ay, Az)
Take the space-time number derivative of the EM potential.
[4]: D_EM_potential = Dq(EM_potential, [t, x, y, z])

D_EM_potential.display("D EM_potential")
D EM_potential
0 0 0 0
—— Ax (¢ — — Ay (¢ — — Az (¢t —(t
ax X<7x7y7z) 8y Y(7:'U7y7z) az Z(7x7y7z)+at(7x7y7z)

B
ZA _
5 x(t,z,y,2)

0 0
A ZA =
az Y(t7 aj? y? Z) + Z(t7 x? y? Z) + 8:(} (t,.%‘,y’z)

dy

%Ax(t,m,y,z) + aatAy(t,x,y,z) — %Az (t,z,y,2) + aay(t,m,y,z)

0 0 0 0
_%AX (tax7y7 Z) + %Ay(taxaya Z) + aAZ (t,(lf,y,Z) =+ %(t7$7y7z)

While this answer is correct, it has too many marks to be understood with ease. Create a list of
substitutions that can do all the basic EM fields.
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fields = {-Ax(, , ,).diff(t)- (,, ,).diff(x): "Ex", -Ay(,, ,).
—diff(t)- (C, , ,).diff(y): "Ey", -Az(, , ,).diff(t)- (,, ,).diff(z): "Ez",
Az(, , ,).diff(y)-Ay(, , ,).diff(z): "Bx", Ax(,, , ).
—~diff(z)-Az(, , ,).diff(x): "By", Ay(, ,,).diff(x)-Ax(, ,,).diff(y): "Bz",
(t, x, y, z): "", Ax(t, x, y, 2z): "Ax", Ay(t, x, y, z): "Ay", Az(t,,
X, y, z): "Az"}
D_EM_potential.subs(fields) .display("D EM_potential fields")

D EM_potential fields

—%Ax — ;;Ay — diAz—i— %
Bx — Ex
By — By
Bz — Ez

The first term is a gauge field. For massless photons, the gauge field must be set to zero. I suspect
a non-zero gauge field may be used for particles that are not photons. Such a link has not been
created. Note to self: see if the gauge field is invariant under a Lorentz boost.

The second three terms are the difference between the magnetic and electric fields. To this day,
this strikes me as stunning. Nothing was done other than take the space-time number derivative of
a space-time potential and there are the two fields that make up EM.

In the standard approach to EM, the difference of these fields living in the same terms may be
considered by some to be an abomination. The electric and magnetic fields are normally carefully
put in separate rooms by the anti-symmetric rank-2 field strength tensor F),,. The reason the
standard approach must keep things separate is there is not general-utility rule for forming products
as there is for space-time numbers. This is the non-trivial difference between working with tensors
as is done today and trying to rebuild from the ground up with space-time numbers.

Make the difference in EM fields gauge-free.

gauge_free EM = vector_q(D_EM_potential)
gauge_free_EM.subs(fields) .display("gauge-free EM")

gauge-free EM

0

Bx — Ex
By — FEy
Bz —Ez

Take the derivative of the potential again, this time reversing the order of the differential and the
potential. This will flip only the signs of the curl or B_ ¢ field.

gauge_free_ME = vector_q(Dq(EM_potential, [t, x, y, z], reverse=True))
gauge_free_ME.subs(fields) .display("gauge-free reverse D")
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gauge-free reverse D

0

—Bx — Ex
—By - Ly
—Bz—FEz

Form the product of these two fields.

EM_invariant_Poynting = product(gauge_free_EM, gauge_free_ME)
EM_invariant_Poynting.subs(fields) .expand() .display("EM invariant, Poynting")

EM invariant, Poynting

Bx? 4+ By? + B2*> — E2? — Ey? — E2*
—2ByEz+2BzEy

2BxEz — 2BzEx

—2BzEy + 2ByEbx

The first term is invariant under a Lorentz transformation. The other three terms are called the
Poynting vector. It is a measure of energy flux in electromagnetic fields. Poynting vectors change
under Lorentz boosts. The first term will be invariant under both time and space reflections
because of the square. This concerns some because it means that the Maxwell equations will also
be unaltered by such changes. This creates what some would call a problem with the arrow of
time. This issue also applies to the weak and strong forces which are structurally similar to EM
with different gauge symmetries. The Poynting vector on the other hand does flip signs under both
reflections in time or space. Because the Poynting vector is necessarily connected to the difference
of the squares of the EM fields, for me the concerns about the arrow of time are eliminated since
the arrow is represented by the Poynting vector.

In standard derivations of the Maxwell equations, one included a factor of a half. I don’t see the
need, so have gone for a simpler expression.

The current density is coupled to EM potential. The first term of the product of the potential with
the current density is Lorentz invariant.

, Jx, Jy, Jz = sp.symbols(" Jx Jy Jz")

current_density = Q([, Jx, Jy, Jzl)

current_potential = product(current_density, EM_potential)
current_potential.display("current/potential coupling")
current/potential coupling
—Jz Ax (t,%?/, Z) - JyAy (taxaya Z) —Jz Az (t,l',y, Z) + (t,fL‘,y, Z)
Jr(t,z,y,2) + Jy Az (t,2,y,2) — J2 Ay (t, 2,9, 2) + Ax (t, 7,9, 2)
—Jr Az (t,z,y,2) + Jy(t,z,y,2) + J2 Ax (t,z,y,2) + Ay (t, 2,9, 2)
Jr Ay (t,x,y,2) — Jy Ax (t,x,y,2) + J2(t,x,y,2) + Az (t,z,y, 2)
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Apply the Euler-Lagrange equations to the first termes of the EM invariant and the cur-
rent /potential coupling.

from sympy.calculus.euler import euler_equations

display(euler_equations(EM_invariant_Poynting.t + current_potential.t , (t, x,.
-y, z), [t, x, y, z])[0].subs(simpler))

display(euler_equations(EM_invariant_Poynting.t + current_potential.t , Ax(t,,
~x, y, z), [t, x, y, z])[0].subs(simpler))

display(euler_equations(EM_invariant_Poynting.t + current_potential.t , Ay(t,,
X, y, z), [t, x, y, z])[0].subs(simpler))
display(euler_equations(EM_invariant_Poynting.t + current_potential.t , Az(t,,
X, y, z), [t, x, y, z])[0].subs(simpler))

d2 2 d2 2 d2 a2
+2@+2d—y2+2@—I—QMAa:—i—QmAy—i—QwAz:O
—Jx + QCZ;Ax — 2(2/22A$ — Qj;Ax + QdnyAy + dejlez + Qd;i?it =0
—Jy+ Q(j;Ay — 2;;143/ — Q(Z;Ay + QdSZxAJ: + 2djc2lyAz + Qngjjit =0
—Jz+ 25:2Az — QCZ;AZ — QCZ;Az + 2615;:Ax + deZyAy + 2dizlt =0

I have not been successful in using a substitution dictionary to write out these 4 equations in the
standard form, as first order equations for E and B. For the first equation, there are 2 spatial
derivatives of ¢, so that indicates one is taking the divergence. Put the differentials on the other
side, and the result is:

p=V-E
if
q 04 o
E, = —2— —2
q (03 8t v¢)

This is Gauss’s law.

There may be some who would argue that the factor of 2 means this approach is in error. One can
go out and directly measure electric and magnetic fields. The same cannot be said about potentials.
Potentials are real things as demonstrated by the Aharonov-Bohm effect. Measuring potentials is
not, so a factor of 2 is a change of scale. For me, simplicity trumps tradition.

The other three equations have a pattern. Put the current density on the other side. The first and
last differentials together make up a time derivative of the negative electric field. The only way 1
know how to figure out the pattern of V x (6 X ff) is with pencil and paper. There is a pattern.
The curl of the B, term has 2 negative terms that are second order for A, in y and in z. There
will be two positive mixed terms that use A, and A,. With this knowledge, we can rewrite the last
three equations like so:
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o
Il
<
X
o]
|
Q
S?‘Fh

if
B, = (0,2V x A)

This is Ampere’s law.
In the name of logical consistency, I prefer to write both Gauss’s law and Ampere’s law as one
space-time number expression as it was derived:

o . OF
(p,J)(V EVxB—at>

To my eye, it makes more clear: one space-time number expression is about the complete current
density’s relationship to changing electromagnetic fields.

How complicated does it look to derive the Maxwell source equations in a few lines? Let me try...

p4d = [(t, x, v, 2), Ax(t, %, y, 2), Ay(t, x, y, z), Az(t, x, y, 2z)]
Axyz = Q(p4)

Jxyz = Q(L, Jx, Jy, Jzl)

txyz = [t, x, y, z]

for p in p4:
display(euler_equations(
add (
product (vector_q(Dq( Axyz, txyz)), vector_q(Dq( Axyz, txyz,
—reverse=True))),
product ( Axyz, Jxyz)).t, p)[0].subs(simpler))

d2 2 d2 2 d2 2
T2 2y 2 2 dxthm—i-QmAy—i—QmAz—O
_Jm+252 Ax — dd22A 52 Ax+2dd2 Ay+2djjl$Az+2dizt =0
_Jy+2j;Ay — 2dd22A 52 Ay+2ddeAx+2deyAz+2dzzt =0
—Jz+ 2522 Az — dcfz Az — ddQQAz + Zdjjlea:+ QddZyAy—i- Qdiilt =0

The Maxwell source equations are derived in under 10 lines. The first 4 lines define the players:
the EM potential and current density as space-time numbers, and variables needed for the Euler-
Lagrange equations. We loop through the 4 potentials to apply the Euler-Lagrage equations. It is
hope the gentle reader can spot both Gauss’s and Ampere’s law.
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A specific technical choice was made in the process. Notice the “t” which plucks out the first term
of the space-time number expression for both the fields and the coupling terms. For the sake of

logical completeness, repeat the exercise for the first spacial component, “x”:

for p in p4:
display(euler_equations(
add (
product(vector_q(Dq( Axyz, txyz, reverse=False)),
vector_q(Dq( Axyz, txyz, reverse=True))),
product ( Axyz, Jxyz)).x, p)[0].subs(simpler))

d2 d2 2 2
Jr—22 Ar -2 Ar42-C ay+2-L A=
v dy? P v dydx v+ dzdz'
2@ £ &2
DTN T S A PP Sy Py
dy? ~ Caz2 T CayatY T tdzat™”
&2 &2 2
Jz 2% Ar 44t ay+2-L —0
it ™ T Y dyds
d2 2 d2
Ty =2 Ar 44 Ar 42 —0
V2 mar ™ ™ T P dzde

This set of four equations is about phases of EM fields. It is an open question about if these
expressions will every be of value to understanding Nature. The first two equations can be written
in terms of the magnetic B, and electric fields £, E. respectively. The third and forth expressions
resist being reformulated using electric or magnetic fields.

1.1 Deriving the Homogeneous Maxwell Equations

The no magnetic monopoles law and Faraday’s law are usually presented as vector identities. There
is nothing wrong with such a commonly used approach. There are often multiple perspectives on
the same identity in math and physics. While this approach might be somewhere in the literature,
I was fortunate enough to stumble upon it, so will share it now.

Is there another Lorentz invariant made up of only the electric and magnetic fields? I recall seeing in
Jackson’s “Classical Mechanics” that the dot product of an electric and magnetic field was invariant
under a Lorentz boost.

Go back to high school algebra at the start of this notebook, the sum and difference of the electric
and magnetic fields. The norm squared of each should be the same because the only difference
is which direction the magnetic field points in, not the size of that field. The electric fields are
identical. Here is the norm squared for both:

-,

10, B — E)||? = (B — E)?,0) = (B> - 2E - B + E*,0))

1(0,—B - E)||> = (-B - E)*,0) = (B* + 2E - B+ E,0))

Subtract the second from the first:
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Zero is Lorentz invariant, but it is not trivial. Let’s apply the Euler-Lagrange equations to the dot
product.

gauge_free_EM_norm = norm_squared(gauge_free_EM)
gauge_free_ME_norm = norm_squared(gauge_free_ME)
gauge_free_EM_norm.subs(fields) .display("||D_EM||>")
gauge_free_ ME_norm.subs(fields) .display("||D_ME||2")
| ID_EM| |

(Bz — Ex)* + (By — Ey)® + (Bz — Ez)?

0

0

0

| ID_ME| | 2

(—=Bxz — Ex)* + (—By — Ey)? + (—Bz — Ez)?

0

0

0

norm_dif = dif(gauge_free_EM_norm, gauge_free ME_norm)
norm_dif.subs(simpler) .expand() .display("diff of norms")

diff of norms

d . d d  d d  d d d d  d d d d d
SR P L P Rty Py PO Sy Pty PSRty e By P P Tty PO A Rty TRy
T e T I T PO P T A PRl P Tal e
L4 d i a4 a4 " Ta T
By PPy P Tl Py Ity P St PR Bl Polis
B e P e P T e
0
0
0

norm_dif_t = euler_equations(norm_dif.t, (t, x, y, z), [t, x, y, z])[0]
display(norm_dif_t)
norm_dif_t.lhs.subs(simpler)

0? 0? 0? 0?
—4 <_ AX(t,l‘,y,Z)-i- AY(t7$7yaZ)> _4<azayAX(tax7yvz)_8yax AZ(t,JJ,y,Z)) -

020y 0z0x
0? 0? A
(= o Ay () 5 R, ) =0
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0

Here again, sympy is not “figuring it all out.” By grabbing the left-hand side (lhs), the substitutions
lead to a zero. Starting at the first term, one should be able to spot the vector identity: V-(VxA) =
0. This is just a different path to the no magnetic monopoles law.

Use the code that generated the Maxwell source equations to do the same for the homogeneous
equations:

for p in p4:
homogeneous = euler_equations(
dif (norm_squared(vector_q(Dq(EM_potential, [t, x, y, z],.
—reverse=False))),
norm_squared(vector_q(Dq(EM_potential, [t, x, y, z],.
—reverse=True)))).t, p) [0]
display (homogeneous)
print (homogeneous.1lhs.subs(simpler))

0? 02 0? 0?
—4 <_azay Ax (t,%y, Z) + 9201 Ay (t7$7y72)> -4 <azay Ax (t,ﬂi‘,y,Z) - ayax Az (taJ:?y’ Z)) -

2 2
(= o Ay () g R, ) =0

0z0x Oyox

0
T R P B (Al et ) I
4<82Az(t,x,y, z) + o (T, Y, ))ZO

Jy0o 020y
0
—4 <£28t Ax(t,z,y,2) — Oii?t Az (t,z,y, z)) + 4 <£ Ax (t,2,y,2) + £;E(t,x,y,z)> N
4< o Az (t,x,y,z) + o ———(t,z,, )):O

dxot 020z
0
4 <§28t Ax (t,z,y,2) + ai; Ay (t,z,y, z)) - (32; Ax (t,z,y,2) + 63; (t,z,y, z)) +
4< ” Ay (t,z,y,2) + o —(t,z,y,2 )> =0

dxot Oyox
0

It will require considerable effort to spot Faraday’s law:

OB - o
it E =
8t+V>< 0

It is easier to see that all the terms do cancel. I like that the all the homogeneous equations are
generated together.



OB - - B

1.2 Symmetries Under Conjugation

Everyone is aware of the conjugate operator. In an unpublished notebook, Gauss wrote down the
usual conjugate and three others. In 1999, D. Sweetser found simple expressions for these:

q* = (tv -z, =Y, —2,’)
¢ = (igi))* = (—t,z, —y, —2)
q*2 = (]qj)* = <_t7 —-X,Y, _Z)

g3 = (kqk)* = (—t,—z,—y, 2)

Each of these flips signs three times. There are all discrete transformations because they are

involutions:

(q*)* _ (q*l)*l — (q*2)*2 — (q*S)*3 =q

There is no way to be “almost” a conjugate. Based on a short exchange with Aleks Kleyn, there
are also involutions that could be defined that have an even number of sign changes:

ge = (iqi) = (=t,—=x,y, 2)
q*2€ = (JQJ) = <—t,l', -y, Z)

g3 = (kgk) = (—t,z,y,—2)

Is there a way to use these conjugates and leave the derivation of the Maxwell source and ho-
mogeneous equations invariant? Both the derivative and potential need to be hit with the same

conjugates:

[18]: Maxwell_source_eqs = []

for p in p4:
Maxwell_source_eqs.append(euler_equations(add(

10



product (vector_q(Dq(conj( Axyz), txyz, conj=True)),
—vector_q(Dq(conj( Axyz), txyz, conj=True, reverse=True))),
product (conj( Axyz), conj( Jxyz))).t, p)[0].subs(simpler))

display(Maxwell_source_eqs[-1])

2 a2 d2 d2 2 a2
T2 2y 2 2 dthm—i-QmAy—i—QmAz—O
_Jm+252 Ax — dd22A 52 Ax+2dd2 Ay+2djjl$Az+2dizt =0
_Jy+2j;Ay— 2dd22A 52 Ay+2dd2 Ax+2deyAz+2dzzt =0
ﬂh+25:% jZA @;mHﬂdixhﬁﬂiifw+2£;:ﬂ

Look at all 8 conjugates.

[19]: for i in range(3):
for even_odd in (True, False):
for n, p in enumerate(p4):
new_Max = euler_equations(add(
product (vector_q(Dq(conj( Axyz, conj_type=i),
—conj_type=i)), vector_q(Dq(conj( Axyz), txyz, conj=True, reverse=True))),
product(conj( Axyz, conj_type=i), conj( Jxyz, conj_type=i))).t,.

—p) [0] . subs(simpler)

display(new_Max.1lhs)
print(f"is D*{i} p*{i} = D p (even: {even_odd}): {new_Max.lhs ==

txyz, conj=True,

—Maxwell_source_eqs[n].lhs}\n")

d? d? d? d? d? d?

is D0 p*x0 = D p (even: True): True

d? d2 d2 d? d? d?
—Jr+2-5A —Ar —2—Ax+2——Ay + 2 Az+2
v RgE A 2 AT e A 2 Y T ™ T e
is D*0 p*0 = D p (even: True): True
d2 d2 2 d2 d2 d2
— 2—Ay—2—A —Ay+2——Ax +2 Az+2
Tyt 20y =205y =2 Ay w2 Ar R 2 AR 2
is D0 p*x0 = D p (even: True): True
d? d2 d d? d? d?
— 2—5A —Az—2—Az4+2—Ax +2 Ay +2
R T e N P P = o

11



is D0 p*x0 = D p (even: True): True

is D0 p*0 = D p (even: False): True

a2 , & & a2 &2 2
—Jr 42 A — 2 Ar — 2 Ar+ 2 Ay + 2 Az 42
T2 AT =20, 2 N T 2 Y T

is D*0 p*0 = D p (even: False): True

d2 d2 d2 2 d2 d2
Ty 425 Ay — 2 Ay — 2 Ay 42— Aw 42— Az 42
Ty 2oy = 2y — 2 Ay 2y A 2 Ar 2

is D*¥0 p*x0 = D p (even: False): True

a2 . a2 &2 a2 42
—Jr+2 8 ar 2% 4 Az +2-C Az +92-% Ay+2
Fr a2 A s 2 pAe 2 A A 2

is D0 p*0 = D p (even: False): True

B2 - 2 &2 2
208 0% 9% 9% Ap_92 % ay_2 % 4
T Tt TR dea T Caya Y :

is D*1 px1 = D p (even: True): False
d? d? d? d?

d? d?
—Jx%—defh%+2d Am—%2dZ.A QgQE;Ay——dedrAz—%dedt

is D*1 px1 = D p (even: True): False

2 2 2 2 2 2
(j2,4y—k2 d Ay d — Ay — d Ax +2 d Az d

. —9
Ty = da? 20 2 dydz dzdy dydt

is D*1 p*1 = D p (even: True): False

, @ s &2 & &
Tz 2 A2 Az =2 A =2 Ar 2" Ay -2
T e 7 e o P ™ it A P

is D*1 px1 = D p (even: True): False

2 &L P &2 &2 2
20 20 Tl Pl na T tha Y T

is D*1 px1 = D p (even: False): False

12



2 2 2 2 2 d2

d d d d
—Jr A2 Ar 2 Ar 2 A — 2 Ay —2-" Az 42
Jot 2 Ar T2 A+ 20 dyde Y " L dzdn T Gt

is D*1 px1 = D p (even: False): False

d2 d? d2 d2 d? d?
—J —sAy+2-—A —A Az +2 Az —2
o2 2 A A Y T P
is D*1 p*1 = D p (even: False): False
d? d? d2 d? d? d?
—Jz—2—=Az+2—A2—-2—Az—2——Ax + 2 Ay —2
PR T A T R E Y A T ™Y T P
is D*1 p*1 = D p (even: False): False
d2 d2 d2 d2 d2 d2
—2—=+2-— - —-2——A 2—— Ay —2 A
a2 A a2 T Caea  ayat ™ Tt a
is D*¥2 p*x2 = D p (even: True): False
d2 d2 d2 d2 d2 d2
—Jr—2-—5A 2—Ax — 2— Ax —A 2 Az —2
7o e R 2y Y P a2 et

is D*2 p*2 = D p (even: True): False

d2 d2 d2 2 d2 d2
—J 2— <A 2——7A, 2— Ay — 2 Axr —2 A 2
Y e Yt e Y S A S T T P aaay ™ T Tyt
is D*2 p*2 = D p (even: True): False
d? d2 d? d? d? d?
—Jz—2—5A2z—2—Az+2—Az+2——Ax — 2 Ay —2
T2 =2 2 T g A A T 2
is D*¥2 p*x2 = D p (even: True): False
d? d? d? d2 d? d?
—2 42 925 2" Ap 42— Ay-2——A
a? lar T taE  Cma e T e
is D*2 p*2 = D p (even: False): False
d2 d2 d2 2 d2 d2
—Jr —2-—Ar + 25 Ax —2-—5A Ay + 2 Az —2
g2 T A 2 A = A Y T it

is D*2 p*2 = D p (even: False): False

2 2 2 2 2 d2

d d d
SAY 2 Ay £ 2 Ay — 2 Ar — 2" Az 42
R o dyde " Cdedy T Tyt

d
— 2—
Jy + p7e

13
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is D*2 p*2 = D p (even: False): False

d2 d2 d2 2 d2 d2
PR Sy PR Nty P Sy P Sy PV M I
g T A g e N T Tty ™Y T P

is D*2 p*2 = D p (even: False): False

The conjugate “just works”. It is not surprising that the first and second conjugates fail. Space is
no longer treated as being isotropic. A different map can be generated linking the potentials to the
EM fields.

cl_fields = {Ax(, ,,).diff(t)+ (, ,,).diff(x): "Ex", -Ay(, ,,).
LAiff(8)- (, , , ) .diff(y): "Ey", -Az(, , ,).diff(t)- (,,,).diff(z): "Ez",
Az(, , ,).diff(y)-Ay(C, , ,).diff(=z): "Bx", -Ax(, , ,).
—~diff(z)+Az(, , , ).diff(x): "By", -Ay(, ,,).diff(x)+Ax(, , ,).diff(y): "Bz",
(t, x, y, z): """, Ax(t, x, y, z): "Ax", Ay(t, x, y, z): "Ay", Az(t,,
<X, ¥, z): "Az"}

D_EM_potential_cl = vector_q(Dq(conj(EM_potential, conj_type=1), [t, x, y, 2],
—conj=True, conj_type=1))

D_EM_potential_cl.subs(cl_fields) .display("Gauge free EM*1 fields")

D_EM_potential_cl = vector_q(Dq(conj(EM_potential, conj_type=1), [t, x, y, z],,
—conj=True, conj_type=1, reverse = True))

D_EM_potential_cl.subs(cl_fields) .display("Gauge-free MEx1 fields")

Gauge free EM*1 fields

0

Bx — Ex
By — Ey
Bz - Ez

Gauge-free MEx1 fields

0

—Bzx — Ex
—By — Ey
—Bz—FEz

These are the same as the first approach. Multiplying the two will result in the same Lagrange
density. For completeness, figure out the mappings needed for the second conjugate:

c2_fields = {-Ax(, , ,).diff(t)- (,,,).diff(x): "Ex", Ay(, ,,).

—~diff(e)+ (, , ,).diff(y): "Ey", -Az(,,,).diff(t)-(, , ,).diff(z): "Ez",
-Az(, , ,).diff(y)+Ay(, , ,).diff(z): "Bx", Ax(,, ,).

—~diff(z)-Az(, , ,).diff(x): "By", -Ay(, , ,).diff(x)+Ax(, , ,).diff(y): "Bz",
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(t, x, y, 2):
X, y, z): "Az"}

, Ax(t, x, y, 2z): "Ax", Ay(t, x, y, z): "Ay", Az(t,,

D_EM_potential_c2 = vector_q(Dq(conj(EM_potential, conj_type=2), [t, x, y, z],,
—conj=True, conj_type=2))

D_EM_potential_c2.subs(c2_fields) .display("Gauge free EM*2 fields")

D_EM_potential_c2 = vector_q(Dq(conj(EM_potential, conj_type=2), [t, x, y, z],.
—conj=True, conj_type=2, reverse = True))

D_EM_potential_c2.subs(c2_fields) .display("Gauge-free ME*2 fields")

Gauge free EM*2 fields

0

Bx — Ex
By — Ey
Bz - Ez

Gauge-free MEx2 fields

0

—Bx — Ex
—By — Ey
—Bz— Ez

I do not understand the implications of requiring a different mapping for the definition of electro-
magnetic fields.

Check that the homogeneous Maxwell equations are all there somehow:

[23]: for i in range(3):

for symbol, even_odd in {"e": True, "": False}.items():
for n, p in enumerate(p4):
for p in p4:

homogeneous = euler_equations(
dif (norm_squared(vector_q(Dq(conj(EM_potential,
—.conj_type=i, even=even_odd), [t, x, y, z], conj=True, conj_type=i,
—even=even_odd, reverse=False))),
norm_squared(vector_q(Dq(conj(EM_potential,,
—conj_type=i, even=even_odd), [t, x, y, z], conj=True, conj_type=i,,
—even=even_odd, reverse=True)))).t, p) [0]
display(homogeneous)
print (f"E+x{n}{symbol}.B*{n}{symbol}: {homogeneous.lhs.
— subs(simpler)}")

0? 02 0? 0?
—4 <_828y AX(t,.’IJ,y, Z) + 920x Ay (taxayv'z)) —4 <82’6y Ax (th:yaz) - ayax Az (t,l’,y, Z)) -

15



0? 92
4 <_828x Ay (b2,y,2) + Oyox Az(t, 2.y, Z)) =0

ExOe.B*0e: O
82 62 82 82
—4 <_828t Ay(t7$7y72)+8yat AZ(t,LIZ‘,y7Z)> - 4(MAy(t’x’y’Z)+&z@y(t’x’y’z)>

0? 92
4 <8y8t Az (t,x,y,z) + azay(t?x7y)z)> =0

ExOe.Bx0e: O

9?2 52 52 92
—4 <azat AX(t7$)y7z)_ Oxot Az (t,l‘,y72)) + 4(623t AX(t,JJay)Z)'FM(t,ﬂf,y,Z))
0? 02
! <3$8t Al 2,20+ g by Z)) -

ExOe.Bx0e: O

62 82 82 82
—4 <_ayat Ax (t,%% Z) + 920t Ay (t,fﬂ,y, Z)) - 4 (W Ax (t, z,y, 2:) —+ m(t’x’y7 Z))

0? 92
4< Ay(tvxvyaz)+w(tax7yaz)> -

0z Ot
ExOe.Bx0e: O

0? 9?2 2 52
4 <_323y AX(t,JJ,y,Z) + 020x Ay (t7$7y’z)> —4 < yAX (t7$7y72) - ) Az (t,l‘,y, Z))
2

0
4 <_ 0z0x

Exle.Bxle: O

o?
Ay (tvxayu Z) + ayax AZ (t,l‘,y, Z)) -

(92 62 62 52
—4 <_8z(‘3t Ay (t7$7y72) + @AZ (t7$7y,2)> - 4 (@zat Ay (t7a:7y,z) + azay(t,x’y’z)>
0? 92
4 <8yat Az (t,CC,y,Z) + %(t,l‘,y, Z)) =0
Exle.Bxle: O

9?2 52 52 92
—4 <azat AX(t,%?/,Z)_ Oxrot Az (t7x’y’z)) + 4<826t AX(t’l"y’Z)—}_aza"E(t’x’y?Z))
2

4 9 Az (t )+_4£Zi,(t )| =
Ozt 2\ Y, 2 020z Y2 )=

Exle.Bxle: O

62 82 82 82
—4 <_ayat Ax (75,93,% Z) + 920t Ay (t,%,y, Z)) -4 <8y8t Ax (t,l‘,y, Z) + 6y8{[; (t7;p’y’ Z))
0? 92
4 <81‘8t Ay (t,l‘,y,Z) + ayax(tvxayaz)> =0

Exle.Bxle: O
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0? 0° 0’ 0’
—4 <_828y Ax (t,%y,z) + 020 Ay (t7x7y72)> —4 <azay Ax (t,l‘,y,Z) - 8y8x Az (t,l‘,y, Z))

ok ok
(= o Ay () 5 R, ) =0

Ex2e.Bx2e: O
H? o? 92 92
- <_828t AY(t’x’yvz)Jfayat AZ@:@U%Z)) - (8 a1 Ay (b2, y,2) + - 9 St yw))
02 52
4<ayatAz(t,x,y, z) + 920y —(t,x,y,2 )> =0
Ex2e.Bx2e: O

82 62 82 62
—4 <azat AX(t7$)y7z) - Oxot Az (t,:l},y,Z)) + 4 <a o1 AX(t T, Y,z ) 020 (t T y,z))

0? 0?
4 <8:1:8t Az (taxaya Z) + %(tl‘)gﬁ Z)) =

Ex2e.Bx2e: 0
92 52 52 82
0? 0?
4<6m8tAy<t,x,y, )4 o ta)) =0
Ex2e.Bx2e: 0O

0’ 0? ia 0’
—4 <—azay Ax (t,JJ,y,Z) + 828x Ay (t7$7yuz)> —14 <828y Ax (t7$7y72) - ayax Az (t’l"y) Z)) -

2 2
4<— 9 Ay (t,x,y,z) + 9 Az(t,x,y,z)):O

0z0x 0yox
Ex3e.B*3e: O
0’ 0? ik 0
(= A ) 4 o Arltn)) = 4 Ay (o) + ()

o2 H?
4<MAz<t:cy, )+ (b, >)—o

Ex3e.B*3e: O

92 52 52 9?2
—4<MAX(tIy, z) — am(?tAZ(t’x’y’Z)) + 4<MAX(75$Z/, z) + 9207 (ta;y7z)>

32 82
4 <8x8t Az (t,x,y,z) + %(t,x,y, z)) =0

Ex3e.Bx3e: 0

02 0> 0 s
—4< WAX(fﬂS'y, )+3:E8tAY(t’x’y’Z)> - (ayatAX(tﬁy, z) + Dy (tmy,z))

0? 0?
4 <8IE87§ Ay (tvxvyaz) + ayax(tvxayaz)> =
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Ex3e.B*3e: O

82 82 82 82
- (_823y Ax(t,,y,2) + 0yox Az (t, 2.y, Z)> —4 <823y Ax(t,z,y,2) — 9201 Ay (t,z,y, Z))

0? o2
4 <82’8[L‘ Ay (t7$7y72) - ayax Az (taxaya Z)) =0

Ex0.B*x0: O

02 H2 92 92
—4 <azat AY(t,l‘,y,Z)— ayat AZ(t,l‘,y,Z)) + 4(828t AY(t7.’13,y, ) 02 8 (t X y,Z))
2

4 o Az (t,x z)—i—ai(tx 2)] =0
ayor I T gy )

Ex0.B*x0: O

62 82 62 82
_4<_8zatAx(t,:c,y,z)+8xatAz(t,x,y,z)> - <a 8tAx(t,x,y, 2) + yv —(t,x, y,z))
0? o2
(g Aot ) =

Ex0.B*x0: O

4<6 o7 Ax (b, y,2) = 0x8tAy(t’x’y’Z)> + 4<8yatAx(t,xy, IR (tazy,z))

o2 (t )+672(t )) =
gzat I T Gy ) =

Ex0.B*x0: O

02 o2 52 92
—4 <_8z8y Ax (t,z,y,2) + By Az (t,,y, Z)> —4 <8z8y Ax (t,x,y,2) — 920 Ay (t,z,y, z)>
0? 92
! <528x Ay(ta,y.2) -5 5 Az(t’x’y’z)> =0
Ex1.Bx1: O

02 H? 92 92
<aatAY(t:Ey, z) — ayatAz(t,:E,y,z)> + 4<MAy(txy, 2) + 920y (txy,z))
0? o2
4<MAz(tazy, )+828y(t’x’y’z)> —
Ex1.Bx1: O

- <_628t Axltzy,2) + 55 A2 (t’x’y’z)> - <8zat Ax(tz,y,2) + 55 (B 2,y, 2 ))

0? o2
g At g o)) =

Ex1.Bx1: O

82 82 62 32
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0? 0?
(g A¥ (. 2) + o (b)) =0

Ex1.Bx1: O

0? 0? 0? 0?

—4 <_828y AX(taxay)Z) + ayax Az (t7$7y72)> -4 <828y Ax (t,l‘,y,Z) - 9201 Ay (ta%?/, Z))
0? 0? A

(s Ay () = o Ao (b)) =0

Ex2.B*2: 0O

0? 0? 0? 0?
4 (o Ay ) = g Al (o Ay () + 5 ) )
2

4 8—2Az(taz )+87(tx z)] =0
a 8t y7 azay ) 7?/’ -

Ex2.B*2: 0O

4 <_azatAx(t,x,y,z)+athz(t,:c,y,z)) - <6ZatAx(t,:c,y, 2) + v —(t,x, y,z))
02 52
(g Aot g ) =

Ex2.B*2: 0O

0? 0? 0? 0?
4<MAx<txy, D g At ) b (o Ax ) ¢ g )

o (t )+672(t )) =
8"Eat 7x7y7z ayax 7x7y7z -

Ex2.B*2: 0O

0? 0? 0? 0?
—4 < 9:0y Ax (t,x,y,z) + By0n Az (t,z,y, z)> —4 <823y Ax (t,x,y,2z) — 520n Ay (t,x,y, z))
0? 0?
4<88 Ay (t,az,yjz)—a xAz(t,x,y,z))zO
Ex3.B*3: 0

0? 0? 0? 0?
<MAy<twy, - g Arltann)) 4 4l At + 5o ()
4 LA (t, )4_872(75 )) =
8 a Z :I"y’ azay 51:7?/’2 -
Ex3.B*3: 0

0? 02 02 0?
—4 <_azat Ax(tvxvyvz)+ OOt AZ(t,l‘,y,Z)) - 4 <8Z@t AX(t,CC,y, ) 9201 (t z,Y,z ))

0? 02
4 <81‘8t Az (taxaya Z) + %(th’y’ Z)) =0

Ex3.B*3: 0

19



82 82 (92 32
4 <8y8t AX(t’x’y’Z)_axat AY(t,x,y,z)> + 4<8y8t Ax (t,2,y,2) + Dy0n —(t,x y,z))
2

42 Ay (t,2,y,2) + > Tty 2)) =0
drot Y T AT g\ YA ) =

Ex3.B*3: O

0? 0° 0’ 0’
—4 <_828y Ax (t,x,y,z) + azax Ay (t7x7yuz)> —14 <azay Ax (t7$7y7z) - 8y(935 Az (t,]?,y, Z)) -
0? 0?
(= o Ay () 5 R, ) =0

ExOe.Bx0e: O

0? 0° 9’ 0
(= A ) 4 o Al )) = 4 Ay (o) + (b))

0? 0?
(g Aot 2) 5 (t2) ) =0

ExOe.Bx0e: O

92 52 52 9?2
—4<aatAX(t:Ey, z) — axatAz(t,x,y,z)) + 4<MAX(7§$Q, z) + 9207 (tazy,z))

0? 0?
4 <8x8t Az (taxayu Z) + %(tl‘)ya Z)) =0

ExOe.Bx0e: O

52 0> 0 0
—4< ﬁAx(txy, )+8x8tAY(t’$’y’z)) - (MAX(tﬁy, z) + Dy (tacy,z))

32 62
4 <8x3t Ay (tvxvyaz) + ayax(taxayaz)> =0

ExOe.Bx0e: O

02 52 0? 0
—4 <—azay AX (t,l‘,y,Z) + 626m Ay (t7$7y72)> -4 <azay AX (tvxvyvz) - 8y6m AZ (t,l‘,y, Z))
0? 0? A
4<_8z8x Ay(tvxayaz)+ayax Z(t’x7y7z)) -

Exle.Bxle: O
2 92 0 0?
(= A ) 4 o Arltn)) = 4 Ay (o) + ()

2 H?
4<MAz<txy, )+ by, >)—o

Exle.Bxle: O

32 82 82 62
—4 <azat AX(th)y’Z) - Oxot Az (t7x’y’z)) + 4 <a o1 AX(t T, Y,z ) 020 (t T y7z))

0? 0?
4<8IE87§ (tuxayaz)+6zar(t7x’y’z)) =
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Exle.Bxle: O

9?2 H? 2 2
—4 <_8yatAx(t,a:,y,z)+ " Ay(t,x,y,z)> - 4( Ax(t,2,y,2) + 5 =—(t, 2,9, 2 ))

0? 92
4 <8$at Ay (t,x,y,z) + Mf(tvxayaz)> =0

Exle.Bxle: O

0?2 H? 92 92
- <_8z3y Ax(tym9,2) + 5 g &Y (1. Z)> - <azay Ax(h33,%) = gy A2 (1,9, 2) >
0? 92 A
4<_azax Ay(tvxuyaz)—’_ay x Z(t)$7y7z)) -

Ex2e.Bx2e: O

62 82 82 82
- <_828t AY(t’x’yvz)Jfayat AZ@:@U%Z)) - (8 g1 Ay (b2, y,2) + - 9 St yw))

0? 92
4<ay8tAz(t,x,y, z) + 920y —(t,z,y,2 )> =0

Ex2e.Bx2e: O

82 62 82 62
—4 <azat AX(t7$)y7z) - Oxot Az (t,:l},y,Z)) + 4 <a o1 AX(t T, Y,z ) 020 (t T y,z))
0? 92
g Mo nv )+ g ) =

Ex2e.Bx2e: O

92 52 52 82

0? o2
4<axatAy(t,a:,y, z) + By —(t,z,y, )> =0

Ex2e.Bx2e: O

0?2 o? 92 92
—4 <_azay Ax (t,%y)z) + 628x Ay (t7$7y72)> -4 <azay Ax (t71137y,25) - 8yaﬂj Az (t,l‘,y, Z))

0? 92
4 <_8zax Ay (b2,y,2) + Oyox Az(t,z,y, Z)) =0

E*3e.Bx3e: 0O
0?2 o? 52 92
_4<—MAy(ta:y, )+ﬁAZ(t$y, )> — (MAy(tg;% 2) + 5250 (t:cy,z))

32 *

Ex3e.B*3e: O

92 52 52 9?2
—4<MAX(tIy, z) — am(?tAZ(t’x’y’Z)) + 4<MAX(75$Z/, z) + 9207 (ta;y7z)>
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0
1(;

2

xOt

62
Az (t,x,y,z) + %(t,x,y, z)) =0

Ex3e.B*3e: O

—4

62
2

xOt

Ay(tvxvyaz) +

Ex3e.Bx3e: O

-

2

020y

0? 0?
(o Ay (00.02) = o Aa (b)) =0
Ex0.Bx0: 0O

_4<3

2

0z0t
2

Ay () - o Aaltan)) o+ 4

4 a—Az(taz Z)—l—aiz(tx z) | =
ayat ) 7y7 azay ) 73/’ -

Ex0.B*x0: O

-

32

0z0t

2

4 (L Az )+a—2(t )| =
8"Eat Z 7:’("7y’z azaZE 7I)y7z -

Ex0.Bx0: 0O

_4<3

2

Oyot
2

2

0
AX(t,x,y,Z)—axatAY(t,x,y,Z)> + 4( ol

4 0 Ay (t,z z)+672(t:c z) | =0
8"Eat y ) 7y7 ayax ) 7y’ -

0? 2 5
<—8yatAx(t,x,y,z)+ " Ay(t,:r,y,z)> - 4<AX(t,x,y,z)+(t,;p’y7z))

0
1(;

2 82 82
Ax (b2, 2) + 0 Azt . z>> 4 ( Ax (b2, 2) — —2— Ay (2., z>>
T zZ ya

0?2 ? H?
Ax (t,x,y,2) + Az (t,z,y, z)> — 4 < Ax (t,x,y,2) + ——(t,x,y, z))
z

ExQ0.B*x0: O
2 32 02 82
—4 <_azay Ax (tal‘ayvz) + ayax Az (t7$7y52)> -4 <azay Ax (t,ﬂf,y,Z) - D201 Ay (t,l‘,y, Z))
82 2
1 (o Ay (6002) = o Aa (b)) =0
Ex1.Bx1: O

_4<3

2

0z0t
2

82
Ay (t,.’E,y, Z) - @AZ (t,.’E,y, Z)) + 4 <
2

0 0
4 <8y@t Az (t,z,y,2) + m(ta%% Z)) =0

Ex1.B*1:

0

22
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9201 Ay (t,z,y,2) + m(ta LY, Z)>



H? o? 92 92
- <_828t Ax(tw.y, z) + 5 5 Az (t’x’y’z)> B (a o Ax(tz,y.2) + 5o (L, Z>>

0? 62

Ex1.Bx1: O

0? 0? 0? 0?
4 (o Ax (s = g Ay b))+ (o Ax () 4 (b))

Oyot Oxdt
0? 0?
4 (8:1:875 Ay (tvxvyaz) + Byax(tvxayaz)> =0
Ex1.B*x1: O
0? 0? 0? 0?
—4 <_828y Ax (taxayvz) + ayax Az (t7$7y72)> -4 <828y Ax (t,l‘,y,Z) - D201 Ay (taq:,y) Z))
0? 0? A
(o Ay () = o Ao (b)) =0
Ex2.B*2: 0

0? 0? 0? 0?
4 (o Ay ) = g Al (o Ay () 4 5 ) )

2 2
4 <MAZ(t x,Y, 2 )+828y(t7$79,2)> =

Ex2.B*2: 0

4 <_azatAx(t,x,y,z)+athz(t,:c,y,z)) - <6ZatAx(t,:c,y, 2) + ey —(t,x, y,z))
02 52

! <3x8t Az(h2.9,2) + 5 g (b Z)) -

Ex2.B*2: 0
3 (t T Z)—|—672(t T Z) —
gror YT e I ) =

Ex2.B*2: 0

0? 0? 0? 0?
_4< 9z 6 AX(’Z%Z//«’)"‘ aya$ AZ(t,ﬂj‘,y,Z)) _4<azay AX(t,LE,y,Z)— 9201 AY(@%?/J))
0? 0? A
4<88 Ay (t,az,yjz)—a - z(t,x,y,z))-O

Ex3.B*3: 0

0? 0? 0? 0?
(g Ay () = o Aa(tan)) 4 4 (5 AV () + 50 ()
2

4
0 0?2
4 <y8t Az (t,z,y,2) + m(ta%y, Z)) =
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Ex3.B*3: O

02 o? 92 92
- (_82815 Ax(tw.y,z) + 5 5 Az (t’x’y’z)> - (azat Ax(tz,y,2) + 55 (B 2,y, 2 )>

0? 0?
4 <8$at Az (taxaya Z) + %(tw’zﬂ.ﬁ Z)) =0

Ex3.B*3: O

82 82 (92 32
4 <8y8t AX(t’x’y’Z)_axat AY(t,x,y,z)> + 4<8y8t Ax (t,2,y,2) + Dy0n —(t,x y,z))
2

(2 vttt -L a0
8Iat y 7"L‘7y7 8 a ny -

Ex3.B*3: O

0? 02 0? 0?
—4 <_828y Ax (taxayvz) + D201 Ay (t7x7y72)> -4 <azay Ax (t,LIZ,y,Z) - 8y8x Az (t,l‘,y, Z)) -

0? 0?
(= o Ay () 5 R, ) =0

ExQOe.B*0e: O
0? 0? 0? 0?
—4<—MAy<my, >+mAz<my, ) = 4 (o A e+ ol o)
0? 32
ExQOe.B*0e: O

92 52 52 9?2
—4<aatAX(t$y, z) — axatAz(t,x,y,z)) + 4<MAX(7§$Q, z) + 9207 (tazy,z))

0? 0?
4 <8x8t Az (taxayu Z) + %(tl‘)ya Z)) =0

ExOe.Bx0e: O

0> 0> 0 0
—4< ﬁAx(txy, )+8x8tAY(t’$’y’z)) - (ayatAX(”y’ z) + Dy (tacy,z))

0? 0?
4 <8x8t Ay (tvxvyaz) + ayax(taxayaz)> =

ExOe.Bx0e: O

0? 02 0? 0?
—4 <_azay Ax (t,%y,z) + 020 Ay (t7$7y72)> -4 <azay Ax (t,iU,y,Z) - 8y6m Az (t,l‘,y, Z))

2 2
4(— O Ay(tay, )+ =2 Az(t,x,y,z>)=

0z0x 0yox
Exle.Bxle: O

0? 0? 0? 0?
(= A ) 4 o Arltn) ) = 4 Ay () + (b))
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0? 92
4 <8y8t Az (t,x,y,z) + My(tﬂx7y)z)> =0

Exle.Bxle: O

0? H? 92 92
—4 <azat AX(t7$)y7z)_ Oxot Az (t,:l},y,Z)) + 4<6z6t AX(t,l'ay)Z)'i‘aza:p(tyx,y,Z))

9?2 52
g Mo rv )+ g ) =
Exle.Bxle: O

(92 82 82 82
—4 <_ayatAX (t’x7y7 Z) + Orot Ay (t’:l:)ya Z)) - 4 <8yat Ax (t,l‘,y, Z) =+ m(t’;zj’y’ z))

0? 92
4 <8x8t Ay (t,.’l)‘,y,Z) + M(taxayaz)> =0

Exle.Bxle: O

2 2 2 2
—4 <_ 0 Ax (t,x,y,z) + 0 Ay (t,fL‘,y,Z)) -4 < 0 Ax (t,iU,y,Z) - 0 Az (t,ﬁ,?/, Z))

020y 0z0x 0z0y 0yox
ok 02 A

4 <__826x'Ay(t’x’y’Z)_+ Oyox z(t,x,y,z)) =0

Ex2e.B*2e: 0O

(92 62 62 32
—4 <_828t Ay (t,x,y,2) + @ Az (t,z,y, z)> — 4 (82815 Ay (t,z,y,2) + m(t’x’y’ Z))
0? 92
4 <8y8t Az (t,z,y,2) + m(t,x,y, z)> =0
Ex2e.Bx2e: 0

9?2 52 52 92
—4 <azat AX(th)y’Z)_ Oxot Az (t)x’yyz)) + 4<828t AX(t’x’y’Z)—}_(‘?Z&x(t’x’y?Z))
0? 02
g M rv )+ g o)) =0

Ex2e.Bx2e: 0

62 82 82 82
—4 <_ayatAX (75,93,% Z) + Ozt Ay (t,.’E,y, Z)) -4 (ayat Ax (t,l‘,?/, Z) + m(tﬂ,y, Z))

0? 92
4 <8IE87§ Ay (t,fL‘,y,Z) + ayax(tvxayaz)> =

Ex2e.Bx2e: 0

0?2 o? 52 92
B <_8z8y Axtbmy2) 4 g Ay By, Z)> ! <azay Axlh2,92) = 5 g A b0y, Z)> B
2

0
4 <_ 020z

Ex3e.Bx3e: 0

62
AY(4:0,0,2) + 5o A (1,2, z>) ~0

25



H? o? 92 92
- <_828t Ay(t’x’yvz”ayat AZ@:@U%Z)) - (8 g1 Ay (b2, y,2) + - 9 St y,Z)>

0? 92
4<8yatAz(t,a:,y, z) + 920y —(t,z,y, )):0

Ex3e.B*3e: O

02 52 92 52
—4 <azat AX(t,l‘,y,Z)— drot AZ(t,ZL‘,y7Z)) + 4<8z8t AX(t,l',y, ) 0201 (t xT y,Z))

0? 52
! (3:1:875 Az (h2,0,2) + 5 g (b o ¥ Z)> -

Ex3e.Bx3e: O
92 52 52 9?2
—4 <—MAX(1€ .y, 2 )+8m8tAY(t’$’y’Z)> - (WAX(t Ty 2) + g Ty ))
0 0’
4 <8:1:8t Ay (t,z,y,2) + Byax(t’x’y’zo =
Ex3e.B*3e: O

0? 52 52 92
—4 <_8z8y Ax (t,z,y,2) + By Az (t,z,y, Z)> —4 <8z8y Ax (t,z,y,2) — 920 Ay (t,z,y, z))
0? o2
! <528x Ay(bo.2) = 5 e Az(t’x’y’z)> -
Ex0.B*x0: O

0? 0? 0? 0?
4 (o Ay ) = g Aaltnnn)) (o Ay () 4 5 ) )
0? 0?
4<MAz(tazy, )+828y(t,x,y,z)>—0

Ex0.B*x0: O

5?2 o? 92 52
_4<_azatAx(t,x,y,z)+8$atAz(t,a:,y,z)> — 4<azatAX(t,:c,y, 2) + v —(t,x,y, 2 ))
02 52
g M 020+ 2] =

Ex0.Bx0: O

02 ik % 92
—4 <MAX(t €, Y,z ) 83:875 AY(taxayaz)> + 4(WAX(t’x’y’Z)+M<t7w7y’z))

0? 92
4<8xatAy(t,$,y, z) + By —(t,z,y, )>:0

Ex0.Bx0: O

0? 0? 52 52

9? 52
4 <8Z@LE Ay (t,az,y,z) - ayax Az (t,l',y, Z)) =0
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Ex1.Bx1: O

02 H2 92 92
—4 (azat AY(t,J,‘,y,Z)— 8y8t AZ(t,JI,y,Z)) + 4(82875 AY(t7113' Y,z ) 02 8 (t X y,Z))
2

4 o Az (t,x z)—i—i(tx 2)] =0
ayor AT Gy A ) =

Ex1.B*x1: O
62 82 62 82
- <_828t Ax by, z) + 5 5 Az (t’x’y’z)> B (a o Ax(ta,y.2) + 5o (L, Z>>
0? o2
4<8x8tAz(t’x’y’ z) + 5200 —(t,z,y, )):0
Ex1.B*x1: O

82 82 (92 32
4 <8y8t AX(t,x,y,z)—axat A}’(t,:c,y,z)> + 4<8y{9t Ax (t,z,y,2) + D900 —(t,z y,z))
2

9 0
4 (8:1:875 Ay (t,ﬂl‘,y,Z) + %&B(tvxayaz)> -

Ex1.Bx1: O

62 32 82 32
- <_8zay Ax(t @,y 2) + 0yox Az(t,z,y, Z)> —4 <828y Ax (t,z,y,2) — 9201 Ay (t,z,v, Z))

0? o2
4 <82’8[E Ay (t,$,y72) - 8ya$ Az (taxaya Z)) =0

Ex2.B*2: 0O

0? 0? 0? 0?
4 (o Ay ) = g Al (o Ay () + 5 ) )
0? 0?
4 <MAZ(t Ty, 2 )+828y(t7$79,2)> =

Ex2.B*2: 0O

- <_0z8t Ax(ta.y,z) + 5 5 Az (t’x’y’z)> - <8zat Ax(tz,y,2) + 55 (B2, y, Z)>
0? o2
! <3x8t Al 2) + 5 g b o b: Z)) B

Ex2.B*2: 0O

@ (t )+672(t )) =
drat Y T T GO A ) =

Ex2.B*2: 0O

0? 92 P
_4< 920y Ax (t,x,y,z) + By Az(t,a:,y,z)> -4 <8 3y Ax (t,x,y,2) — 570 Ay(t’gj,y’z)>
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0? 0?
(o A (602) = o Ao (b)) =0

Ex3.B*3: O

0? 0? 0? 0?
4 (o Ay ) = g At (o Ay () 4 )

0? 0?
4 <8y8t Az (tvxayaz) + M(tﬂx7y) Z)) =0

Ex3.B*3: O
0? H? 52 92
—4 <_a ot Ax (t7$7yvz) + Oxrot Az (t7$7y72)> - <88t AX(t,CE,y, ) 020x (t T, Y, Z)) +
0? 52
4<a$8tAz(t,:c,y, z) + 5200 —(t,z, v, )):0
Ex3.B*3: O

—4 <a Ot AX(t,J,‘,y,Z) - OrOt Ay(taxayuz)> + 4 (aaAX(t,I‘,y, ) a o (t T y,Z)) —

Ex3.B*3: O

This makes sense. The Lagrangian after all remains the difference of the norm squared of two
3-vector-scalars that are of the same size, just pointed in different directions. Do the calculus of
variations on a zero, stay at zero.

1.3 Takeaways

Every approach to deriving the Maxwell equations I have seen uses the anti-symmetric rank-2 field
strength tensor F'*¥ which neatly puts electric and magnetic fields in their six separate places. This
notebook provides an alternative.

What is electromagnetism? It starts from a space-time potential, every single possible way of
making something in EM happen. Make available every possible variation in those potentials by
taking all possible space-time derivatives. It is the completeness of both the potential and changes
in the potential that feels satisfying. Restrict the investigation to only those where the scalar field
is zero. I wish I could say more about that specific step, but for now I just acknowledge the choice
gets made. It is required to use both a derivative on the left of the potential and the derivative
operator on the right. There is a coupling between the potential and a current density. To these
terms one applies the Euler-Lagrange equations, a way of finding functions that are at extremums.
That is the way to generate the Maxwell source equations, Gauss’s law and Ampere’s law together.

The way to generate the homogeneous Maxwell equations follows the same approach. Start this
time with something that must always be zero: the difference between the norm squared of the
fields with the derivative on the left and the norm squared with the derivative on the right. The
result of that algebra is the dot product of the electric and magnetic wave. For a free traveling EM
wave, those fields are at 90 degrees to each other so the dot product is zero. It is not a well-known
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result, but putting the dot product of these two fields into the Euler-Lagrange equations results in
the no magnetic monopoles law and Faraday’s law.

The conjugate symmetries indicated conservation laws based on Emmy Noether’s theorem. Because
the symmetries are discrete, that means the conserved quantity is discrete. I think these symmetries
are all about the conservation of integer spin for the conjugate, and half integer spin for first and
second conjugates.
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